Popular Referendum and Electoral Accountability
Appendix

This appendix contains three sections. Appendix A provides characterizations (and the
proofs for these characterizations) of the equilibria of the models described in the paper.
More precisely, Appendix A provides a proof of Proposition which characterizes the
equilibrium of the baseline model and a proof of Proposition which characterizes the
equilibria of the model with the popular referendum. The characterizations are given for all
values of holding office B, i.e. for the case of B < 2 discussed in the main body of the paper
but also for the case of B > 2. Proposition 3 and corollary 4 in the paper follow immediately
from Proposition [A.2] while Propositions 5 and 6 follow immediately from a comparison of
Propositions and [A.2] Their proofs are therefore omitted. Finally, I prove Proposition
which characterizes the equilibrium of the direct democracy game when ¢; = 1 and
¢2 € [0,1]. Appendix B shows that the introduction of the popular referendum also improves
congruence when the benefit of holding office B is greater than 2. Appendix C shows that

the results derived in the main paper are robust to the introduction of semi-congruent types.

Appendix A: Equilibrium

Let T be the type space of the Incumbent with 7' = {C,.,C_; ., Ny., N_;.}. C;. denotes the
type of the Incumbent which is congruent and observed w; = 1 and so forth. In principle we

would also have to distinguish types depending on what value of w, they observed. However,



as all the actors in the game observe wy and the game is identical for each value of wsy,
I suppress this information. Also let P be the set of policies that can be chosen by the
Incumbent for any pair of states of the world (wy,ws) with P = {(p1 = w1,p2 = wa), (p1 =
wi, P2 # wa), (p1 # wi,p2 = wa), (p1 # wi,p2 # wa)}. Let p,p’ be arbitrary elements in P.
Moreover, denote 7..(p) the probability that the non-congruent Incumbent which observes
(+,-) plays the policy vector p € P. Finally, let p(p) denote the Voter’s posterior belief that

the Incumbent is congruent.

Note that, unless explicitly specified, we only consider strategy profiles in which the

congruent Incumbent chooses (p; = wy, ps = ws).

Baseline Model

Proposition A.1. The following pair of strategies and beliefs constitute the unique perfect
Bayesian equilibrium of the baseline model that satisfies criterion D1:

1. If B<2andq € [%, 1}, then congruent Incumbents choose (p1 = wi,p2 = ws)
for all w, while non-congruent Incumbents choose (p1 # wy,p2 # we) for all w. The
Voter reelects with certainty upon observing (p1 = wi,ps = wa, ), (p1 = 1,ps = wa),
or (;1 = —1,p2 = wq) and does not reelect otherwise. The Voter’s beliefs satisfy
ppr = wi,p2 = wa) = pu(pr = Lpy = wy) = p(pr = —1,p2 = wa) = 1 and pu(p #
Wi, pe # W) = p(pr = 1,pa # wa) = p(pr = —1,p2 # wy) = 0. Out-of-equilibrium

beliefs satisfy M(pl = w1, P2 # W2)7 M(pl # w1, P2 = w2) <m.

2. If B<2and q; € [O, E], then congruent Incumbents choose (p; = wi,ps = we) for

B
all w,
the non-congruent Incumbent who observes wy = —1 chooses (p1 = 1, p2 = wy),
the non-congruent Incumbent who observes wy = 1 chooses (py = —1,py = wsy) with



probability é — 1 and (p1 = —1, ps # wy) with probability 2 — é,

the Voter reelects the Incumbent with certainty upon observing (p1 = wy,pa = ws) or
(p1 = 1, pa = wo), with probability m upon observing (py = —1,py = we), and does

not reelect otherwise.

The Voter’s beliefs satisfy pu(py = w1, ps = we) = 1, u(p1 = 1, p2 = wy) = m >

T,opp = —Lp = w) = g = T e # wupe = wa) = p(pr =

—1,ps # wy) = ppr # w1 = 1,ps # wo) = 0. Qut-of-equilibrium beliefs satisfy

M(pl Fwi=—1,p # w2)a/i(p1 = w1, P2 # W2)7M(p1 =1,p # Wz) <.

. IfB>2and q € [%, 1}, then congruent and non-congruent Incumbents choose (p; =
wi,p2 = we) for all w. The Voter may reelect with positive probability upon observing
(p1 = wi,p2 = wa), (p1 = 1,pa = we) or (p1 = —1,py = we) and does not reelect
otherwise. The Voter’s beliefs satisfy u(py = wi,p2 = wa) = u(pr = L,pe = wy) =

w(pr = —=1,p2 = wy) = w. QOut-of-equilibrium beliefs satisfy w(py # wi,ps = wa),

L AfB>2and ¢, € [0, %} , then congruent Incumbents choose (py = wy, pe = wsy) for all

w;
the non-congruent Incumbent who observes wy = —1 chooses (p1 = 1,py = wo);

the non-congruent Incumbent who observes wy = 1 chooses (p1 = 1,ps = wq) with
probability 2 — é and (p1 = —1, py = wo) with probability % —1;

the Voter’s reelection strategy is: m*(p1 = wi,ps = we) = 1, r*(p1 = 1,p2 = wy) =

m - ﬁ +’T‘*(p1 = _17p2 = w?) with r*(pl = _17p2 = w?) > m; and

7 (p1 # wi,p2 = wa) =1 (p1 =, p2 # w2) = 0.
The Voter’s beliefs satisfy p(p1 = 1,p2 = we) = pu(p1 = —1,ps = wo) = 7, u(py =
wr = Lp=w) >, plpr =w = —1,pg =wsy) =1, u(pr # wi,p2 = wp) = 0.

Out-of-equilibrium beliefs satisfy p(p1 = -, pa # wy) < .



The proof proceeds in four steps. In Lemma [T, I show that the pair of strategies and
beliefs identified in Proposition is indeed a perfect Bayesian equilibrium. In Lemma 2] I
then show that this equilibrium satisfies a straightforward adaptation of criterion D1 (Cho
and Kreps, 1987)). Lemmata and then show that it is the unique equilibrium that satisfies

D1.

Lemma 1. The pairs of strategies and beliefs identified in proposition[A.1] constitute a perfect

Bayesian equilibrium.

Proof. 1. Assume B < 2 and ¢q; > %. Given the specified strategy for the Incumbent,
Bayesian updating yields p(p; = wi,pe = wo) = pu(p1 = 1,pe = wo) = pu(p1 = —1,ps =
we) = 1> 7, pu(pr # wi,p2 # wa) = p(p1 = 1,p2 # wa) = pu(pr = —1,p2 # ws) = 0.
Hence, if we let out-of-equilibrium beliefs satisfy p(py = wi,p2 # we), u(p1 # wi, pe =
ws) < 7 the Voter has no incentive to deviate from his reelection strategy. Given the
retention behavior of the Voter, the congruent Incumbent always gets reelected if he
chooses (p; = wy, pa = we). Hence, Us(p1 = wi,p2 = we) = 2 + B which is the highest
possible payoff that the congruent Incumbent can receive in the game and thus the
congruent Incumbent has no incentive to deviate. Moreover, Uy (p1 # w1, pe # wa) = 2,
while Uy (p1 = w1, p2 # wa) =1 < 2, Un(p1 # w1, ps = wse) = 14+ (1 —¢q1)B < 2 because
Q1 = %, and Uy (p1 = w1,p2 = we) = B < 2. Hence, the non-congruent Incumbent

has no incentive to deviate.

2. Assume B < 2 and ¢; < %. Given the specified strategy for the Incumbent, Bayesian

T

updating yields pu(p1 = wi,p2 = wa) = 1, p(pr = 1,ps = we) = Tama s > T

because a > 1/27 :u(pl = _17p2 = w?) = (17a)ﬂ-4(r1ai(al)ir1)(1,ﬂ-) = 7 and :u(pl # Wi, P2 =

w) = plpr = —1,ps # wn) = plpy # w1 = —1,py # ws) = 0. Hence, if we let out-
of-equilibrium beliefs satisfy pu(p1 # w1 = —1,p2 # w2), pw(pr = wi,p2 # wa), u(p1 =
1,p2 # we) < 7w the Voter has no incentive to deviate from his reelection strategy.

Given the reelection behavior of the Voter, C . receives a payoff of 24 B when choosing

4



(p1 = w1,p2 = we) and thus does not have an incentive to deviate. C_;. receives a
payoff of 3 + ¢; B when choosing (p; = wi,ps = wy). Deviating to (p1 = 1,py = wo)
yields 1 + (1 — ¢1)B < 3, while deviating to ps # wy yields at most 1. Hence, C_; .
has no incentive to deviate. Moreover, Un_, (p1 = 1,p2 = wp) = 1+ (1 — ¢1)B, while
Un_,.(p1 =, p2 # w2) <2< 1+(1—q1)B because ¢; < %, and Uy_, (p1 = —1,p2 =
wo) = q1 B+ 1 which is lower than 2 given that ¢; < %. Hence, N_; . has no incentive
to deviate. Nj. receives a payoff of 2 from choosing (p; = —1,p2 = wy) as well as
from choosing (p; = —1,p2 # we). Deviating to (py = 1, ps = wy) yields B < 2, while

deviating to (p; = 1, ps # ws) yields 1 < 2. Hence, N; . has no incentive to deviate.

. Assume B > 2 and ¢ € [%, 1} and that the choice of policy vectors is as specified in
proposition [A.1] Then, pu(p; = wi,p2 = ws) = p(p1 = 1,p2 = wa) = p(pr = —1,ps =
wy) = m. Out-of-equilibrium beliefs satisfy u(p) < 7 for all p. Based on these beliefs
the reelection strategy used by the Voter is indeed a best-response. In order for the
non-congruent Incumbent not to deviate, the reelection probabilities used by the Voter

need to satisfy the following inequalities:

UNLA(p1 =1,p= Wz) = Q1T*(p1 =w =1,pp = WQ)B

+ (1 =q)r*(pr =1,ps =w2)B

- 1+ (1 —=q)r*(p1 = —1,p2 = wy)B
2
\
4
UN1,~(p1 =—1,pp = WQ)
> 9
UNl,.(pl =P F Wz)



and

Uv.,.(p1=—-1pa=w) =qr'(pr =w1 = —1,p» = wy)B

+ (1 —q)r*(p1 = —1,p2 = wy)B

(

1+ (1 =q)r*(pr =1,p2 = wq)B

\Y

2

\
4

Un_,.(p1 = 1,p2 = wo)

v

Un_,.(p1 =", p2 # wa).

Note that there always exists reelection probabilities r*(p; = w; = 1, pa = ws), r*(p; =
wp = —1,p2 = wy), r*(p1 = 1,p2 = we), and 7*(p; = —1,p2 = wy) such that these
inequalities are satisfied. Consider for example 7*(p; = wy, p2 = wo) = 17*(p1 = 1, p2 =
wy) = r*(p1 = —1,ps = wy) = 1. It is straightforward to show that for such reelection

probabilities the congruent Incumbent has no incentive to deviate either.

. Assume B > 2 and ¢ € [0, %) and that the choice of policy vectors is as specified

T

in proposition [A.1l Then, u(p; = w; = 1,p2 = wy) = e oo > u(pr = wy =

am+[(1-a)+a(2-2)](1-m)

—1,ps =wo) =1, p(pr = 1,p2 = wy) = =7, pulpr = —1,p2 =

o (1—a)m
wa) = (I—a)mta(X—1)(1—m)

=7, and p(p; # wi,pe = we) = 0. Out-of-equilibrium beliefs
satisfy u(p) < m for all out-of-equilibrium policy vectors p. Based on these beliefs the

reelection strategy used by the Voter is indeed a best-response.

Hence, Uy, (p1 = 1,ps = ws) = (1 — q)r*(p1 = 1,p2 = we)B + 1B and Uy, (p1 =
—Lps=w) =q+ 1 —q)(l+r(pp = —1,ps = wy)B). In equilibrium, N;. is
mixing between (p; = 1,py = wy) and (p; = —1,py = we) and hence is indifferent

between these two policy vectors. Indifference is satisfied as r*(p; = 1,ps = wy) =

m — L+ (p1 = —1,p2 = wy). Because ¢; < =, this implies 1 > r*(p; = 1,py =
wg) > r*(pp = —1,p2 = wy). Moreover, as r*(p; = —1,ps = wy) > m, we have



Un.(pr=p2#Fw) <2<+ (1 —q)d+7r(p1 = —1,p2 = w)B) = Up, (01 =

—1,ps = ws). Hence, N; . has no incentive to deviate.

To see that N_; . has no incentive to deviate, note that, because r*(p; = 1, py = wy) >
r*(p1 = —1,p2 = wsy) > m and because ¢; < %, we have Uy_, (p1 = 1,p; = wa) =
G+ (1 —q)A+7(pr=1pp=w)B) >2>Un_, (p1 = -, p2 # wp) and Un_, (p1 =
Lpp=wy) > (1 —q)r*(pr=—-1L,p2=w2)B+ @B =Un_, .(p1 = —1,p2 = ws).

Moreover, we have Uo_, (p1 = —1,p2 = w2) = 24+ B+(1—q1)r*(p1 = —1,p2 = w2) B >
1+ (L=q)r*(p1 = 1,p2 =w2)B=Uc, (p1 = 1,p2 = ws) and Ug, (p1 = 1,p2 = w2) =
24+ (1—=q)r*(pr = L,p2 = w2) B+ B > 14+ (1—q1)r*(p1 = —1,p2 = wa) B = Ug, . (01 =
—1,ps = ws) because *(p; = 1,py = wy) = m — 13_21 +7r*(p1 = —1,p2 = wy).
Because deviating to ps # ws yields at most a payoff of 1 < 2, congruent Incumbents

have no incentive to deviate.

]

Lemma 2. The pair of strategies and beliefs identified in proposition[A.]] satisfy an adapta-

tion to this game of criterion D1 (Cho and Kreps, |1987).

Proof. Note that for any policy vector p € P, there are two information sets that could be
reached: (p1,p2;-,wo) and (p1, pe;wi,wq). Note that for any retention probability used at
any information set there exists a specification of beliefs of the Voter about the types of the
Incumbent that makes this retention probability a best-response of the Voter at that infor-
mation set. Let r denote the vector of reelection probabilities (r(p1, pa; -, wa), 7(p1, po; w1, ws))
used by the Voter. Now let D(t, T, p) be the set of vectors of probabilities of retention r that
make type ¢ strictly prefer p to his equilibrium strategy policy vector and let D°(¢, T, p) be
the set of vectors of retention probabilities that make type t exactly indifferent. Finally, let
DY (t,T,p) = D(t,T,p) U D°(t,T,p). Criterion D1 requires that if for some type ¢ there

exists a type t' such that D(t,T,p) C D(¢,T,p), then the Voter should not believe that



she is facing an Incumbent of type ¢ when she observes p.

Note that in any equilibrium identified in proposition [A.1] the equilibrium payoff of any
congruent type is strictly greater than the equilibrium payoff of any non-congruent type.
Now consider any policy vector p # (p; = wi,pe = wy) and fix any vector of reelection
probabilities r. We have Uy(p,r) > Uc(p,r). It follows that D'(C,T,p) C D(N,T,p) at
any out-of-equilibrium information set (p; w). Therefore, D1 requires that the Voter believes
she is facing a non-congruent type upon observing (p; w) and thus should not re-elect at these
information sets. Note that so far we only have pinned down out-of-equilibrium beliefs at
information sets where the Voter observes both the policy vector p and the vector of states
of the world w. To pin down beliefs at information sets of the kind (py, pa; -, wa), we use
the reelection probabilities just specified for corresponding information sets (py, p2;wi,ws).
Note that the only information sets to consider are of the kind (p1, ps # ws) and that based
on the previous step we have r(p; # wi,ps # ws) = 0. Hence, Un(p1 # wi,p2 # ws) =
24 (1 —q1)r(p1, p2 # we)B, while the payoff to a congruent type of choosing the same policy
vector (p1,p2 # wy) is at most 1+ (1 — ¢q1)r(p1, p2 # we)B. Therefore, D1 requires that the
Voter believes she is facing a non-congruent type upon observing (p1,ps # ws) at any such

out-of-equilibrium information set. n

Lemma 3. The pair of strategies and beliefs characterized in proposition [A.1] constitute the

unique equilibrium in which congruent incumbents choose (p; = wy, ps = wa).

Proof. 1. Assume B < 2 and that congruent Incumbents choose (p; = wi,ps = wa). As
Un(p1 # w1,p2 # wa) > 2> B > Un(p1 = w1, p2 = way), the non-congruent Incumbent
never chooses (p; = wi,p2 = wsy) in equilibrium. Moreover, if the non-congruent
Incumbent chooses p; # w; (i € {1,2}) with positive probability in equilibrium, the
Voter learns that the Incumbent is non-congruent upon observing p; # w; and thus
does not reelect whenever p; # w; is revealed to her. It follows that there is no

equilibrium in which the non-congruent Incumbent chooses (p; = wy, pa # ws) as then

8



Un(pr = wi,p2 # we) =1 < 2 < Uy(p1 # wi,p2 # ws). Hence, in equilibrium the
non-congruent Incumbent chooses between (p; # wi, pe = wy) and (p1 # wa, P2 # wWa).
Moreover, we have Uy(py # wi,p2 = we) < 1+ (1 — ¢;)B. Hence, if ¢, > %7
Un(p1 # wi,p2 = wy) < 2 and the non-congruent Incumbent chooses (p; # wy, p2 # wo)
in equilibrium.

Because N . never chooses (p1 = 1,p2 = ws) and because a > 1/2 we have p(p; =

Lps = wy) = am+n-1,.(p1=1,p2=w2)(1—a)(1-m)

> 7 for all n_;.(p1 = 1,p» = we) in any
equilibrium. It follows that Uy , (p1 = 1,p2 = wa) = 1+ (1 — ¢1)B. Hence, if

)

g < %, we have Un_, (p1 = 1,p2 = wz) > 2 and N_;. chooses (p; = 1,p; = ws) in

equilibrium.

There is no equilibrium, however, in which N;. chooses (p1 = —1,p2 = wy) with
certainty. Assume otherwise, then u(p; = —1,ps = wy) = % < m and thus
Un,.(p1 = —1,p2 = wp) = 1 < 2. Similarly, if ¢ < %, there is no equilibrium in

which N; . chooses (p; = —1, pa # wy) with certainty, as then p(p; = —1,p2s =wq) =1
and thus Uy, (p1 = —1,p2 = w2) = 1+ (1 — q1)B > 2. It follows that if ¢; < % then
Ni. mixes between (p; = —1,p2 = wq) and (p; = —1,p2 # wq) in any equilibrium,
which requires Uy, (p1 = —1L,p2s = w2) = 1+ (L = q)r*(p1 = —1,p2 = w2)B = 2 =
Un,.(p1 # w1,p2 # wz) and thus 7*(p1 = —1,p2 = wa) = m € (0,1). For the

Voter to be willing to re-elect with positive probability, we need u(p; = —1,ps = wq) =

(1—a)w
(1—a)m4am: . (p1=—1,p2=w2)(1—m)

= 7 which implies 7,.(py = =1, po =wp) = L — 1.

. Assume B > 2 and that congruent Incumbents choose (p; = wy, ps = ws). I first show
that there then is no equilibrium in which non-congruent Incumbents choose (p; =
-, D2 # we) with positive probability. WLOG assume N;. plays (p; = -, p2 # wa) with
positive probability. Then, u(p; = -, p2 # wz) = 0 and thus Uy, .(p1 = -, p2 # w2) < 2.
Moreover, pu(p1 = wy = 1,p2 = wy) > 7 and r*(p; = wy; = 1,py = wy) = 1. Finally,

plpr = 1,p2 = wa) > mor p(pr = —1,p2 = wo) > . If p(pr = 1,pp = we) > m,



then Uy, (p1 = 1,ps = we) = B > 2 and N;. deviates to (p1 = 1,ps = wy). If
u(pr = —1,p2 = wy) > m, then n_1.(p1 = —1,ps = we) < 1 in equilibrium. Note
that u(py = —1,p2 = wo) > m implies pu(p1 = w1 = —1,p2 = wo) > m. Thus, if
q1 < %, Un,.(pr = —1L,pp=ws) =1+ (1 —q)B > B > 2 and N;. wants to deviate
to (p1 = —1,p2 = wy). Moreover, Uy_, (p1 = —1,ps = wy) = B >22>Un_, (p1 =

-, P2 # wy). Hence, n_1.(p1 = —1,p2 = wy) < 1 implies that Uy_, (p1 = 1,p2 = w2) =

1+ (1 —=q)r*(p1 = 1,p2 = we)B > B which implies r*(p; = 1,py = wy) > ﬁ. If
q > %, this is impossible, however, as then (1_%)3 > 1. It follows that N;. and N_; .

choose between (p; = wy, py = wsy) and (p; # wi, P2 = ws).

Note moreover, that there is no equilibrium in which pu(p; = 1, ps = wy) < m. Assume
otherwise. Then it must be the case that 7y .(p1 = 1,p2 = ws) and 1y .(p1 = 1, p2 = wo)
are superior to 0. But then, Uy_, (p1 = 1,p2 =w2) =1 <2=Upn_, (p1 = 1,p2 # w2)
which contradicts n_1.(p1 = 1,p» = wz) > 0. By a similar argument, there is no
equilibrium in which p(p; = —1,ps = we) < w. This implies that in any equilibrium
m.(p1 = —1,p2 = wq) < é — 1 as otherwise pu(p; = —1,ps = we) < w. The fact that
in equilibrium yi(p; = 1,p2 = wy) and p(py = —1,pa = wy) are superior or equal to 7

implies that N; . chooses (p1 = wi, pa = ws) deterministically if, and only if N_; . does

so as well.

I now show that if ¢; > %, then N chooses (p1 = wi,p2 = wsy) deterministically.
To derive a contradiction assume that N;. is mixing between (p; = 1,p2 = ws) and

(p1 = —1,p2 = wy). Then, Un, (p1 = L,pa = wa) = 1B+ (1 —q)r*(p1 = 1,p2 =

wo)B = 14+ (1 —q)r*(p1 = —1,p2 = wo)B = Uy, .(p1 = —1,p2 = wy). Because
Q1 > % we have r*(p; = —1,py = wy) > r*(p1 = 1,ps = wy). But then N_;. chooses
(p1 = —1,p2 = wq) deterministically, which by the argument made in the previous

paragraph implies that N;. chooses (p1 = 1,ps = wy) deterministically as well. To
see this, assume otherwise. Then Un_, (p1 = —1,p2 = w2) = B+ (1 — q)r*(p;1 =

—Lpo=w)B>14+ (1 —q)r*(pr=1,ps =we)B=Un_,.(p1 =1,p2 = w2) and N_y..

10



wants to deviate to (p; = —1,py = wo).

Next I show that if ¢ < &, then N . playing (p1 = 1, p» = w) with positive probability
implies that N_;. chooses (p; = 1,p2 = wsy) deterministically. By arguments made
above, it is the case in any equilibrium that N, . plays (p; = 1, p2 = wy) with positive
probability. This requires that Uy, (p1 = 1,ps = w2) = qir*(p1 = w1 = L,py =
W) B4 (1 —qu)r*(pr = 1,p2 =wo) B> 14 (1 —qu)r*(p1 = —1,p2 = we) B = Un, .(p1 =
—1,p2 = wq). Because ¢; < %, @B < 1 and thus r*(p1 = 1,p2 = we) > 7(p1 =
—1,p2 = wy). But then Uy_, (p1 = 1,p2 =w2) =1+ (1 —q)r*(p1 = 1,p2 = wy)B >
@B+ (1 —q)r*(pp = —1,p2 = wo)B = UN,L,(M = —1,ps = wy) and N_;. chooses
(p1 = 1,py = wsy) deterministically. This in turn implies that 7, .(p1 = 1,ps = wq) <
1

2 —é as otherwise u(p;y = 1,ps = wq) < m. From ny.(p1 = 1,p2 = wo) < 2 — =

o’

R I~

mo(pr = —1,ps = w5) < L — 1, and ny.(p1,ps # ws) = 0, we conclude that 9y, (py =

1,p0 =we) =2— i, and 1y .(p1 = —1,p2 = wq) = é — 1 in equilibrium.

]

Lemma 4. The pair of strategies and beliefs characterized in proposition [A.1] constitute the

unique equilibrium that satisfies criterion D1.

Proof. Assume there exists an equilibrium in which (p; = wy,ps = ws) is not played with

positive probability for some state of the world w. Fix a vector of reelection probabilities

r, then Up(p) = wy,p2 = wo,r) > Un(p1 = wi,p2 = wa,r). Moreover, for any policy vector

p # (p1 = wi1,p2 = wy) and any vector of equilibrium reelection probabilities r* we have

Uc(p,r*) < Un(p,r*). In other words, in any equilibrium in which (p; = wy,ps = wy) is

not played with positive probability the equilibrium payoff of any non-congruent type is at

least as high as the equilibrium payoff of any congruent type. It follows that DY(N, T, p; =

wy,p2 = we) C D(C,T,p; = wi,ps = wy) and the Voter should believe she is facing a

congruent Incumbent upon observing (p; = wy, ps = ws). Similarly, D'(Ny ., T,p; = 1,py =

11



we) C DYN_1.,T,p1 = 1,ps = wa) C D(Cy.,T,p1 = 1,p» = wsy) and the Voter should
believe she is facing a congruent Incumbent upon observing (p; = 1,ps = wy). A similar
argument holds for (p; = —1, ps = wy). But then the congruent Incumbent wants to deviate
to (p1 = wi,p2 = wq) as he then receives a payoff of 2 + B which is greater then 1+ B,

the highest payoff the congruent type can get in any equilibrium in which he does not play

(Pl = W1, P2 =w2)- O

Model with Direct Democracy

Proposition A.2. The following pairs of strategies and beliefs constitute the equilibrium of

the direct democracy model when ¢ € [0,1] and g2 = 1.

1. IfB<1landq > ff;é, then congruent Incumbents choose (p1 = wy, pa = we) for all w,

while non-congruent Incumbents miz between (p; = wq, pa # we) and (p1 # wi, P2 7 Wa).
The Voter holds a referendum to set p1 = wy; when py # wy. If wy is not revealed,
the Voter never holds a referendum when py = wy, and holds a referendum with non-

degenerate probability whenever py # ws.

The Voter reelects upon observing (py = wy,pa = wa), (p1 = 1,p2 = ws), or (p1 =
—1,p2 = wy) and does not reelect otherwise.

The Voter’s beliefs satisfy p(p1 = wi,p2 = wa) = u(p1 = 1,ps = we) = p(p1 = —1,p2 =
wo) = 1, p(pr = wi,p2 # wa) = p(p1 # wi,p2 # w2) = pu(p1 = L,py # we) = p(p1 =

—1,py # we) = 0. Out-of-equilibrium beliefs satisfy p(p1 # wi, Py = we) < 7.

2. If B<1andq < ff;é orif B>1 and q; € [%,3 — QB}, there exists an infinity

of equilibria. In all these equilibria, congruent Incumbents choose (p; = wy,ps = wa)

for all w and the non-congruent Incumbents play p1 = wi and ps # we with positive

2B—-1
1+2B~

probability. If B <1 and ¢; < the non-congruent Incumbent chooses py = wo with

12



QBB_Q, 3 — QB] there

positive probability in any equilibrium. If B > 1 then for all ¢, € [
exists equilibria in which the non-congruent Incumbents choose ps = we with positive
probability. If B > 1 and ¢, € [%3,3 — QB] however, there also exist equilibria in
which the non-congruent Incumbents play py # we with certainty.

The Voter holds a referendum to set py = wy, when p; # wi. If wy is not revealed,

the Voter never holds a referendum when py = wy, and holds a referendum with non-

degenerate probability whenever py # ws.

The Voter always reelects with positive probability upon observing (p1 = wi, pa = wa),

(p1 = 1,ps = wa), or (p1 = —1,p2 = wy) and never reelects when py # ws.

fq € [max{f—} — 2B, BLH}, 1] , then congruent and non-congruent Incumbents choose
(p1 = w1, p2 = wa) for all w, the Voter holds a referendum to set py = wy if p1 # wy is
revealed to her, may reelect with positive probability upon observing (p1 = wi, pa = ws),
(p1 = 1,p2 = ws), and (p1 = —1,pa = we) and does not reelect otherwise. The Voter’s
beliefs satisfy p(pr = wi,ps = wa) = u(pr = 1,p2 = wo) = p(p1 = —1,ps = we) = 7.
Out-of-equilibrium beliefs satisfy p(p1 # wi,pe = wa), uw(p1 = ,ps # we) < w. If
¢ € [3—2B,2— B|, the Voter also holds, with probability R, € [1 — 81 Bl

l-q1’ 1-q1 |’

referendum to set py = 1 upon observing (py = —1,py # wq) and with probability

R e [1 — f_’qﬁ , f_—’qﬂ a referendum to set py = —1 upon observing (p1 = 1, p2 # wa).

Ifqr € [0, min{ 23372’ BLH}] , then congruent Incumbents choose (p; = wy,pa = wa),
The non-congruent Incumbent who observes w; = —1 chooses (p1 = 1, ps = ws);

The non-congruent Incumbent who observes wy = 1 chooses (p1 = 1,py = wa) with

probability 2 — é and (p1 = —1, py = wq) with probability i —1;

The Voter holds a referendum to set p1 = wy if py # wy is revealed to her and to set

p1 =1 upon observing (p1 = —1,pz # wa);

The Voter’s reelection strategy is: 1*(p1 = w1, p2 = we) = 1, 7*(p1 = 1,ps = wy) =

13



% - 131(11 +7r¥(p1 = —1,p2 = wa) > (1_(1]1)3 and r*(py # w1, p2) = r*(p1,p2 # w2) = 0.

The Voter's belicfs satisfy ji(py = 1,ps = ws) = p(pr = —1,ps = wn) = 7, u(py =
wy = L,py = w2) > T, M(pl =w = —1,pp = w2) =1, M(pl # Wi, P = wz) = 0.

Out-of-equilibrium beliefs satisfy pu(-, ps # wy) < .

The proof proceeds in the following steps. First, I show in Lemma [5| that the pairs
of strategies and beliefs identified in proposition constitute a perfect Bayesian equilib-

rium. In Lemma [6] I then show that this equilibrium survives D1. Lemmas [7] to [I4] prove

that if ¢ € [O,min{ 2BB_2, BLH}] this equilibrium is the unique equilibrium in which con-

gruent Incumbents choose (p; = wi,p2 = wq). Lemmas , then prove the same

statement for ¢; > max{3 — 2B, BLH} Lemmas |17] and (18| then prove that when B > 1

2B—-2
B

and ¢, € [ 3 — QB} , then in any equilibrium in which congruent Incumbents choose

(p1 = w1, P2 = way), the non-congruent Incumbents play p; = wy and py # wo with positive

probability. Lemma [19| then shows that if B < 1 and ¢; < ff; é, there is no equilibrium in
which non-congruent Incumbents never choose ps = wy. Finally, Lemma shows that an

equilibrium satisfies D1 if, and only if, congruent Incumbents choose p, = w, in equilibrium.

Lemma 5. The pairs of strategies and beliefs identified in proposition[A. constitute a perfect

Bayesian equilibrium.

Proof. 1. A full statement and proof of the equilibria in that range is available upon
request. In lemmal[I9 below I show, however, that there is no equilibrium in which non-
congruent Incumbents choose (p; # wi, ps # wy) deterministically. This implies that
the non-congruent Incumbent is mixing between (p; = wq, p2 # ws) and (p1 # w1, pa #

wsy) in any equilibrium in which the non-congruent chooses ps # wo deterministically.

2. A full statement and proof of the equilibria in that range is available upon request. In

lemmata [17| and |18 below, I show, however, that, if B > 1 and ¢; € [2337273 — QB} ,

there is neither an equilibrium in which non-congruent Incumbents never choose py #

14



wy nor an equilibrium in which they never choose p; = w; in that range. In lemma

, I show, moreover, that, if B < 1 and ¢; < ff; é, there is no equilibrium in which

non-congruent Incumbents never choose p, = ws.

. Assume that ¢; € [max{B — 2B, BLH}, 1} and that the profile of policy vectors is as
specified in proposition . Then, pu(pr = wi,po = ws) = p(pr = 1,p2 = wy) =
w(pr = —1,ps = we) = m. Out-of-equilibrium beliefs satisfy u(p; # wi,p2 = wa),
w(-,p2 # wy) < m. Based on these beliefs the reelection strategy used by the Voter is
indeed a best-response. In order for the non-congruent Incumbent not to deviate, the

reelection probabilities used by the Voter need to satisfy the following inequalities:

UNl,.(pl =1,ps = w2) = Q17"*(p1 =wr=1,pp = wz)B

+ (1 —q)r*(pr =1,ps =wy)B

/

(1—q)(1+7*(p1 = —1,p2 = we)B)

v

2—q
\

UNl,.(pl =—1,p= wz)

IV

Ule.(pl =5 P2 7é (")2)’
\

and

Un_,.(pr=—1Lpo=wy) =qr’(pp =wi = —1,py = wy)B

+ (1 —q)r*(pr = —1,p2 =ws)B

(

(1—q)A+7"(p1 =1,ps = wq)B)

Y

2—q
\
4

UN_l,(pl =1,p = wy)

v

Un_,.(p1 =+, p2 # wa).

\
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Note that, if ¢; > max{2 — B, B+r1} there always exists reelection probabilities 7*(p; =
wi = 1,pg = wy), r*(p1 = w1 = —1,p2 = wa), "(p1 = 1,p2 = wy), and 7*(py = —1,py =
wso) such that these inequalities are satisfied. In any case r*(p; = wi,ps = wy) = 7*(p1 =
1,p2 = wy) = r*(p1 = —1,p2 = wy) = 1 satisfies the conditions. It is straightforward
to show that for such reelection probabilities congruent Incumbents have no incentive

to deviate either. If ¢ € [maX{3 — 2B, BLH}, 2 — B) then B < 2 — ¢, however. If the

Voter holds, with probability R_; € [1 — f:; , %] , a referendum to set p; = —1 upon
observing (p; = 1,ps2 # wy), then we have B > 1+ (1 —q)R_y = Un, .(p1 = 1, p2 # w2)
and B> 1+ (1—-q)(1 —R_1) = Unx_,.(p1 = 1,p2 # wz). Thus, there then always
exists reelection probabilities r*(p; = wy = 1,ps = we), 7*(p1 = w1 = —1,p2 = wy),

™ (p1 = 1,ps = we), and 7*(p; = —1,py = wy) such that non-congruent Incumbents

have no incentive to deviate to (p; = 1, p2 # ws). A similar remark holds with respect

to (p1 = —1,p2 # wo).

. Assume that ¢; € [O,min{QBB’Q, BLH}] and that the choice of policy vectors is as
specified in proposition [A.2l Then, pu(p; = w1 = 1,py = ws) = m > T,
M(pl = W = _]-7p2 = WQ) = 17 :u(pl = 17p2 - WZ) = a7r+[(1—a)+6:)¢7;2—l)](1—7r) = T,

(1—a)m

p(pr = —1,pg = wy) = l—artalt-Da-m & and p(py # w1, p2 = wa) = 0. Out-of-
equilibrium beliefs satisfy p(p; = -, p2 # we) < 7. Based on these beliefs the reelection

strategy used by the Voter is indeed a best-response.

By lemma (7| below, the Voter never holds a referendum upon observing (p; = 1,py =

ws). Moreover, we have Pr(w; = —1|p; = —1,ps = ws) = W(l—a)lglli—al))(l—ﬂ')a =7>1/2

and the Voter does not hold a referendum upon observing (p; = —1,py = wo) either.

Hence, Uy, (p1 = 1,ps = wo) = (1 — q)r*(p1 = 1,ps = we)B + 1 B and Uy, (p1 =

—Lps =wy) = (1 —aq1)(L+r*(p1 = —1,p2 = we)B). In equilibrium, N;. is mixing

between (p; = 1,p2 = ws) and (p; = —1, po = wy) and hence is indifferent between these
two policy vectors. Indifference is satisfied as r*(p1 = 1,p2 = wa) = % — Tt r™*(p1 =
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—1,ps =wy). As g1 < this implies 1 > r*(p; = 1,p2 = we) > r*(py = —1,py =

L
B+1°
wy). Moreover, because the Voter holds a referendum to set p; = 1 upon observing

(p1 = —1,p2 # wy) and because r*(p1 = 1,ps = wo) we have Uy, (p1 =

1
= (1-q1)B’
P2 Fwe) =1 < (1=q)r*(p1 = 1,p2 = wa2) B+ 1B = Un, .(p1 = 1, p2 = wy). Hence,

N, . has no incentive to deviate.

To see that N_;. has no incentive to deviate, note that Uy_, (p1 = 1,p2 = wy) =

1—q)(L+7*(pr=1,ps =wy)B) > 2~ q1 = Un_, (1 = ,p2 # wz) because r*(p; =
1,p0 = wy) > m. Moreover, because r*(p; = 1,p2 = wo) > r*(p1 = —1,p2 = wo)
1

and ¢1 < g5, wehave Un_, (p1 = 1,p2 = w2) > (1—q)r*(p1 = —1,ps = wo) B+q1 B =

Un_,.(p1 = —1,p2 = wy).

Moreover, we have Ue, (p1 = 1,p2 = w2) =24+ (1 —q)r*(p1 = 1,p2 = wo) B+ 1 B >
L+ g+ (1 —q)r(pr = —1,p2 = w)B = Ug, .(p1 = —1,p2 = wy), and Uc_, (p1 =
—Lp=w)=2+0-q)r"(pr=-Lp=w)B+aB>1+qa+1—-q)*(p =
Lpy = we)B = Uc_,.(p1 = 1,p2 = wy). As deviating to (p1 = -, p2 # wy) yields at

most a payoff of 1 < 2, congruent Incumbents have no incentive to deviate.

]

Lemma 6. The perfect Bayesian equilibria identified in proposition [A.9 survive criterion

D1.

Proof. Note that in any equilibrium identified in proposition the equilibrium payoff of
any congruent type is strictly greater than the equilibrium payoff of any non-congruent type.
Now remark that Uc(p1 = w1, p2 # w2), Uc(pr # w1, p2 # w2) < 1+qi7(p1, po;wi,w2) B+ (1—
Q)7 (p1, p2; -, w2) B, while Uy (p1 = w1, p2 # wa), Un(p1 # w1, p2 # wa) > 1+qur(p1, pa; w1, wa) B+
(1—q1)r(p1, pa; -, we) B. It follows that the Voter should believe she is facing a non-congruent
Incumbent upon observing (p; = wi,p2 # we) or (p1 # wi,pa # ws). A similar argu-

ment shows that the Voter should believe she is facing a non-congruent Incumbent upon
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observing (p; = -, ps # ws). Next suppose (p; # wi,p2 = wy) is out-of-equilibrium. As
Uc(py # wi,p2 = wa) < 2+ qir(p1 # wi,p2 = wo)B + (1 — q1)r(p1,p2 = w2)B while
Uc(pr = wi,p2 = wa) = 2+ qur(p1 = wi,p2 = w2)B + (1 — q)r(p1,p2 = we)B, it must
be the case that ¢;r(p; # wi,p2 = wo)B + (1 — q1)r(p1,p2 = we)B > qir(p1 = wi,p2 =
wa)B + (1 — q1)r(p1, p2 = we) B for C to be willing to deviate to (p; # wi, ps = wy). More-
over, Ux(p1 # wi,p2 = wa) > qir(pr # wi,p2 = we)B + (1 — ¢1)r(p1,p2 = we)B while
Un(pr = wi,pa = wo) = q1r(p1 = w1, pa = we)B + (1 — q1)7r(p1, p2 = we)B. It follows that if
qr(p1 # w1, p2 = wo) B+(1=q1)r(p1,p2 = w2) B = qir(p1 = wi,p2 = w2) B+(1—q1)r(p1, p2 =
wy)B N is willing to deviate to (p; # wi,p2 = wq). Hence, if in equilibrium N chooses
(p1 = w1, pa = wa), the Voter should believe she is facing a non-congruent Incumbent upon

observing (p; # wq, pa = wsa). O

Lemmas [7| to |14] prove that if B > 1 and ¢; € [0, min{ 233_2, BLH}} the pair of strategies
and beliefs characterized in proposition constitute the unique equilibrium in which con-
gruent Incumbents choose (p; = wy, p2 = wy). Hence, in the following, I assume throughout

that congruent Incumbents play (p; = wi, ps = wo).

Lemma 7. If the congruent Incumbent chooses (py = wi,p2 = ws), then the Voter never

holds a referendum upon observing (p1 = 1, ps = wo).

Proof. Pr(wy = 1|p1 = 1,p2 = wy) = (rtm..(p1=1.p2=wp)(1-m))a ; which

(m4+m,. (p1=1,p2=w2)(1—-m))a+n-1,. (p1=1,p2=w2) (1-7)(1—

is increasing in 7;.(p1 = 1,ps = wq) and decreasing in n_y.(p1 = 1,ps = wa). Let ny.(p1 =

L,py = wo) = 0 and n_q.(p1 = 1,ps = wy) = 1. Then, Pr(wy = 1ip1 = 1,p2 = wy) =

pixe’

Tty > @ because m > 1/2. Because a > 1/2; we have Pr(w; = 1|p; = 1,py = wq) >

Pr(w; = —1|p1 = 1,p2 = ws) and the Voter has no incentive to hold a referendum upon
observing (p1 = 1, py = wy). O
Lemma 8. There does not exist an equilibrium in which Ny, chooses (p1 = —1,ps = ws)

with probability superior to % —1.
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Proof. Assume otherwise. Then

(1—a)m

ppr = —Lp2 = ©2) = e e Tpmm (1 -ah r=—Temei—m < 7 for all

n-1,(p1 = —1,ps = wy) whenever n;.(p1 = —1,p2 = wy) > = — 1. Thus, n.(p = —1,ps =

wy) > é — 1 implies 7*(p1 = —1,p2 = wy) = 0. But then Uy, (p1 = —1,ps =ws) <1 —¢q1 <

1 < Un,.(p1 = - p2 # wa). O

Lemma 9. If the congruent Incumbent chooses (py = wi,p2 = we), then the Voter never

holds a referendum upon observing (p1 = —1,py = we) in equilibrium.

(-1, (P1=—1,p2=w2)(1—7))(1-)
T+1-1,.-(P1=—1,p2=w2)(1-7))(1—a)+mn,.(p1=—1,p2=w2) (1-7)a

Proof. Pr(wy = —1|py = —1,ps = wa) = 0
which is increasing in 1_; .(p1 = —1, ps = wy) and decreasing in 7;.(p; = —1,ps = wy). By
Lemma , Mm,.(p1 = —1,ps = wy) < é — 1 in any equilibrium. Hence, let n_;.(p1 = —1,ps =
wy) =0and n.(p1 = —1,ps = wy) = é—l. Then, Pr(wy = —1|p1 = =1, pp =wy) =7 > 1/2.
Hence, we have Pr(w; = —1|py = —1,p2 = we) > Pr(w; = 1|p1 = —1,p2 = ws) and the

Voter has no incentive to hold a referendum upon observing (p; = —1, p2 = wy). O

Lemma 10. If ¢ < 233_2

, there does not exist an equilibrium in which Ny . does not play

(pl =1,po = wz)-

Proof. Assume otherwise, i.e. assume there exists an equilibrium in which 7, .(p; = 1,py =
wy) = 0. Then, pu(p1 = w1 = 1,p2 = wy) = 1 and p(py = 1,ps = wy) > 7 for all n_y.(p1 =
1,py = ws), which implies that Uy, .(p1 = 1,p2 = wp) = B and Uy_, (p1 = 1,ps = ws) =
(I = q)(1 + B). By the Lemma [§ there is no equilibrium in which Ny, chooses (p; =
—1,ps = wy) with certainty. Hence, if n;.(p1 = 1, p2 = ws) = 0 in equilibrium then N; . must
be playing ps # ws with positive probability. V;. is only willing to choose (p1 = -, p2 # wo)
with positive probability if N_;. does so as well, as otherwise the Voter infers that w; =1
when observing (p; = -, p2 # wy) and sets p; = 1 via referendum if needed. But then,

Uni.(pr = p2 #w2) =1 < B = UNl,.(pl = 1,p2 = w2). So suppose Ni. and N_;. play
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(p1 = 1, p2 # wo) with positive probability. For such a behavior to be a best-response, it has

to be the case that

Uv,.(pp=Lpp#w)=14+1—-q)(1—-R4)>(1—-q)(l+B), and

Un,.(pr =1,p2 #w2) =1+ (1 —q1)R_1 > B,

because otherwise N_;. deviates to (p; = 1,p2 = wy) and N;. deviates to (p1 = 1,ps = wo)

respectively. This implies that f_;qi <R < ﬁ — B. But this is impossible as ¢; < 23372
1

. . B-1
implies 2—
p 1-q1 > 1-q1

— B. A similar argument shows that there is no equilibrium in which

N;. and N_; . choose (p1 = —1,p2 # wq) with positive probability when ¢; < 23372_ ]

Lemma 11. If ¢ < BLH, then there does not exist an equilibrium in which Ny. plays

(p1 = 1,py = wy) deterministically.

Proof. Assume otherwise, i.e. assume there exists an equilibrium in which 7, .(p; = 1,py =
wy) = 1. Then, u(p; = 1,p2 = wy) < 7 and because by lemma [7| the Voter does not
hold a referendum upon observing (p1 = 1,p2 = wy), we have Uy, (p1 = 1,p2 = wp) =
(1 —=q)r*(p1 = 1,p2 = w2) B+ qur*(p1 = w1 = 1,p2 = wy)B. Because q; < BLH, Qri(pr =
wi = 1,ps = wo)B < 1 and thus Uy, (p1 = 1,p2 = wa) > Un, (p1 = -,p2 # wa) >

implies that 7*(p; = 1,ps = wy) > 0 in equilibrium. This requires p(p; = 1,ps = we) > 7
and thus 7_1.(p1 = 1,ps = we) = 0 because n;.(p1 = 1,p2 = wy) = 1 implies p(p; =
1,ps = wy) < m. Moreover, n;.(p1 = 1,p2 = we) = 1 implies pu(p; = —1,ps = wy) > 7 and
Pr(w; = —1|p1 = —1,py = we) = 1 which, in turn, implies that the Voter does not hold a
referendum upon observing (p; = —1,pa = wo). If n_1.(p1 = —1,p2 = wy) < 1 in equilibrium,
then p(py = —1,ps = wo) > 7 and r*(p; = —1,p2 = wp) = 1. But then, Uy, (p1 = —1,p2 =
we) =(1—=q)(14+ B) > B > Uy, .(p1 = 1,p2 = wy) because ¢, < —L_ which contradicts our

B+1

starting assumption that n,.(p1 = 1,p2 = w2) = 1. Hence, if n1.(p1 = 1,p2 = we) = 1 in
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equilibrium we have n_;.(p1 = —1, p2 = wy) = 1 which requires that

Unv_,.(pr=—1Lpa=w) =1 —q)r"(pr = —1,p2 = w2)B
+qri(p =wi = —1,ps =wy)B
> (1 =q)(1+7r"(pr=1,p2 =w2)B)

= UN_l,.(pl =1,ps = wz)

and

UNl,.(pl =1Lp= wz) = (1 - Q1)T*(p1 =1,pp = wz)B
+qr*(pr=w; =1,py = wy)B
>1—q)1+7r"(p1 =—1,p2 = we)B)

=Upn,.(p1 = —1,p2 = wo)

Because ¢; < B+r1 and thus ¢17(p1 = wi,p2 = wa)B < 1 — q1, the first inequality
implies that r*(p; = —1,ps = ws) > r*(p1 = 1,p2 = wy), whereas the second implies
r*(p1 = —1,p2 = wy) < 7*(p1 = 1, p2 = ws). Contradiction. ]

Lemma 12. If ¢; < there does not exist an equilibrium in which N . mizes between

1
B+1’

(p1 = 1,p2 = wy) and (p1 = -, p2 # wa) and does not play (p1 = —1,p2 = ws).

Proof. Assume otherwise, i.e. assume there exists an equilibrium in which 7, .(p; = 1,ps =

we) >0, my.(p1 =+, p2 # wa) >0and ny.(p1 = —1,p2 = wp) = 0. Case 1: n_1.(p1 = 1,p2 =

T
am4n1,.(p1=1,p2=w2)a(1-7)

wy) = 0. Then, pu(p1 = 1,ps = wy) = > 7 because 7717‘(]71 =1,pp =

wp) < 1. Thus, r*(p1 = 1,py = wo) = land Un_, . (p1 = 1,p2 = w2) = (1—q1)(1+B). Because
m.(p1 = —1,p2 = wy) = 0, we have Pr(w; = —1|p; = —1,ps = wy) = 1 and thus the Voter

does not hold a referendum upon observing (p; = —1,p2 = wy). Hence, Un_, (p1 = —1,p2 =

_1

wy) < B. Because ¢; < Bl

we then have Uy_, (p1 = 1,p2 = w2) > Un_, (p1 = —1,p2 = wy)
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and thus n_1.(p1 = —1,p2 = wy) = 0. This implies that p(p; = —1, p, = w2) = 1. But then,
Un,.(p1=-Lpp=ws) = (1=q)(1+B) > B > Uy, .(p1 = 1,p2 = wp) and N; . has incentive

to deviate to (p; = —1,p2 = wy).

Case 2: n_1.(p1 = 1,p2 = wa) > 0. Then p(p1 = —1,ps = we) > 7 because n.(p1 =
—1,p2 = wp) = 0 and thus 7*(p; = —1,p2 = wy) = 1. But then Uy, (p1 = —1,p2 = w2) =
(1 —q1)(1+ B) which, because q; < =+, is strictly greater than B > Un,.(pr = 1,p2 = wa).

B+1?

Thus, N, . has incentive to deviate to (p; = —1,ps = wo). ]

2B-2
B

Lemma 13. If ¢; < min{ ,BLH} and Ny. mizes between (p; = 1,ps = ws) and (p1 =

—1,ps = wy) in equilibrium, then N_y. plays (p1 = 1,p2 = wa) deterministically.

Proof. Assume otherwise, i.e. assume there exists an equilibrium in which 7, .(p; = 1,py =
wa) > 0, m1.(pr = —1,p2 = wa) >0, yet n_1.(p1 = 1,p2 = we) < 1. Case 1: u(py = 1,py =
wp) < 7 and thus 7*(p; = 1,p2 = wp) = 0. Then, Uy_, (p1 = 1,p2 = w2) =1 —¢q <1 and
thus 7_1.(p1 = 1,p2 = wqy) = 0. Because 11.(p1 = 1,pas = wa) < 1, we have u(p1 = 1,p2 =

wy) > 7, contradicting the premise.

Case 2: p(p1 = 1,ps = wy) = 7w which implies that 7y .(p1 = 1,ps = wy) = 1 — (i —
Dn_1.(p1 = 1,p2 = wp). Because n_y.(p1 = 1,p2 = wa) < 1 we have ny (p1 = 1,p2 = wy) >
2 — é and n1.(p1 = —1,p2 = wq) < é — 1. In turn, ny.(p1 = —1,p2 = ws) < % — 1 implies

Pr(wy = —1|p; = —1,py = wy) > 7 and thus the Voter does not hold a referendum upon

observing (p; = —1,p2 = wy). Hence, as N; . is mixing, we have

Un, (mm=1pa=ws)=1—-q)r(pp=1p=ws)B+qB

= (1 - Ch)(l +7”*(p1 =—1,ps= w2)B) = Ule‘(pl =-—Lp= wz)

Because ¢; < BLH, @B < 1— ¢ and thus N; . mixing implies r*(p; = 1,p2 = wo) > r*(p; =
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—1,pa = ws). But then,

Uv.,.(pn=Lpr=ws) =1 —q)1+7"(p1=1,p2 = w2)B)
>(1—q)r*(pr=—-1,p =wy)B+qB

=Un_,.(p1 = —1,p2 = wo)

and thus n_1.(p1 = —1,po = wp) = 0. Because ny,.(p1 = —1,p; = wy) < = — 1, this

implies that pu(p; = —1,py = wy) > 7 and thus 7*(p; = —1,ps = wy) = 1 which contradicts

T*(pl =1,po = w2) > 7”*(]91 =—1,p= w2).

Case 3: pu(p1 = 1,p2 = wy) > m. Then, r*(p; = 1,ps = wy) = 1. By the arguments

given under case 2 and because ¢ < N_;. never plays (p; = —1,ps = wy). Because

1
B+l
n-1.(p1 = 1,p2 = wy) < 1, this implies that N_; . plays ps # wy with positive probability. In
equilibrium, this requires Uy_, (p1 = —=L,ps # wa) = 1+ (1 —q)R > (1 —q)(1 + B) =
Unv_,.(pm=Lpr=w)or Uy, (pn=1prF#w)=1+1—-q)(1-R_1) > (1-q)(1+B) =

UN_LA(p1 = 1, ps = ws), which implies Ry > B+1— ﬁ or R_; < ﬁ — B. In turn, because

Ni. plays (p1 = 1, p2 = wq) with positive probability, it must be the case that

B 2 1+ (1 —ql)R_l

B>1+(1-q)(1-HR)

which implies that R_; < fi—_(ﬁ <land Ry > 1— i;(; > 0. For the Voter to be willing to

adopt such probabilities of holding a referendum, it must be the case that N; . plays ps # ws

with positive probability. As Np. plays (p1 = 1,p2 = ws), this requires R_; = % and

_ 1 _ B-1 2B-2 _ B-1 1 B-1 1
Ry =1 o Because g1 < =%, we have 1 o < B+1 o and o > Ta B.

But then, N_; . wants to deviate to (p1 = 1, p2 = wo). ]

Lemma 14. In any equilibrium in which Ny. mizes between (py = 1,py = ws) and (p; =

—1,ps = wo) and N_;. plays (p1 = 1,py = wo) deterministically, we have ny.(p1 = 1,py =
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W) =2 — é and m,.(pr = —1,p2 = wy) = i - L

Proof. Assume there exists an equilibrium in which N; . mixes between (p; = 1,p2 = wy)
and (p; = —1,p2 = we) and N_; . plays (p; = 1, p2 = wo) deterministically and assume that
m.(p1 = Lps = wy) > 2 — i Then, pu(p; = 1,ps = wy) < w and thus 7*(p; = 1,py =

wy) = 0. Moreover, pu(p; = —1,p2 = wy) > 7 (and thus r*(p; = —1,ps = wy) = 1) and

m(l—a)
w(l—a)+n1,. (p1=—1,p2=w2)(1—7)a

Pr(w; = —1lp1 = —1,ps = wq) = > 7 because n;.(p1 = —1,py =

wy) < £ —1. Hence, Uy, (p1 = 1,p2 =ws) =B < (1—=q1)(1+B) = Un,.(p1 = —1,p2 = w»)

1

because ¢1 < 57

But then N, . wants to deviate to (p1 = —1,ps = ws).

So assume that 71.(p1 = 1,p2 = wy) < 2 — é Then, pu(p; = 1,p2 = we) > 7 and thus
r*(p1 = 1,p2 = wo) = 1, which implies that Uy, (p1 = 1,ps = wa) = B. If 1 .(p1 = —1,p2 =
wy) < é— 1, then because 1y .(p1 = 1,p2 = wy) < 2— é, we have 11 .(p1 = -, p2 # wa) > 0. As
N_ . never plays py # ws, the Voter holds a referendum to set p; = 1 if needed upon observing
p2 # wo. But then, Uy, (p2 # w2) = 1 < B which implies that n;.(p1 = -,p2 # w2) = 0.
So assume that 7;.(p1 = —1,p2 = wq) > é — 1. Then, pu(p; = —1,ps = we) < m and thus
r*(p1 = —1,p2 = wz) = 0. But then Uy, (p1 = —1,p2 = wp) <1 —¢q < B and N, deviates
to (p1 = 1,p2 = wy). O]

The following two lemmas, together with lemma , prove that if ¢; > max{3—2B, BLH}
the pair of strategies and beliefs characterized in proposition constitute the unique

equilibrium in which congruent Incumbents choose (p; = wy, p2 = ws).

Lemma 15. If¢; > max{3—2B, BLH}, there does not exist an equilibrium in which ny .(p1 =

1,]92 = wg) < 1.

Proof. Assume otherwise, i.e. assume there exists an equilibrium in which 7;.(py = 1,p2 =
wy) < 1. Then, pu(p; = wy = 1,ps = wy) > 7 and thus r*(p; = w; = 1,ps = ws) = 1. Case

Lom(pr=1ps=ws) >1— (L —1n_1.(pr = 1,ps = ws). Then, p(p1 = 1,ps =ws) < 7
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and r*(p1 = 1,po = wp) = 0. But then Uy_, (p1 = L,pp=ws) =1—-q1 <1< Un_, (p1 =
-, P2 7# wq) and thus n_y.(p1 = 1,ps = wy) = 0. But then, 1 .(p1 = 1,p2 = w2) > 1, which is

impossible.

Case 2: mi.(p =1, pa =wp) <1— (£ = 1)n_1.(p1 = 1,p2 = wa). Then, u(py = 1,p2 =
wy) > m and thus 7*(p; = 1,ps = wy) = 1. Hence, Un, .(p1 = 1,p2a =ws) =B > (1 —q1)(1 +
1

B) > Uy, .(p1 = —1, ps = wo) because ¢; > 57 and thus m.(p1 = —1,p2 = we) = 0. In turn,

M-(p1=1,p2 = wsy) < 1and n.(p1 = —1,ps = wy) = 0 implies that ny.(p1 = 1, ps # ws) >0
or i,.(p1 = —1,p2 # wa) > 0 which requires Uy, (p1 = 1,p2 # w2) = 1+ (1 —q)R_1 >
B =Un . (p1=1Lp =w) or Uy, (1 = —Lipp #w) =1+1—-q)(1 -R) > B =

Un,.(p1 = 1,p2 = wy). This, in turn implies that R_; > 13—;(; >0or R <1-— {3—_; <

1. This however requires n_q1.(p1 = 1,ps # ws) > 0 or n_1.(p1 = —1,ps # wy) > 0
respectively because otherwise the Voter infers from (pi,ps # ws) that w; = 1 and thus
sets R_y = 0 or Ry = 1. It follows that n_;.(p1 = —1,p2 = wy) < 1 which implies that
ppr = —1,ps = wy) > mand pu(py = wi = —1,p2 = wo) > m. Thus, Ux_, (p1 = —1,p2 =
wy) = B. Finally, n_1.(p1 = 1,ps # wa) > 0 or n_1.(pn = —1,pa # wa) > 0 requires
that Uy_, (p1 = —1,p2 # w2) = 1+ (1 —-q)R > B = Un_,.(p1 = —1,p2 = wy) or
Unv_,.(pr=Lp #w) =14+ (1 —-q)(1 =—R4y) >B=0Uy_, (pn = —1,p2 = wy) which
implies R; > % or R <1— %. Hence, in equilibrium, we need 1 — f_—_qi > % which

is impossible because ¢; > 3 — 2B5.

Case 3: mi.(p1 = L,p2 = ws) = 1 — (£ = )n_1.(p1 = 1,p2 = ws) and thus n_y (py =
1,ps = we) > 0 because 71,.(p1 = 1,p2 = wy) < 1. Moreover, n;.(p1 = 1,p2 = wy) =
1 — (2 = 1n_1.(p1 = 1,ps = wy) implies that 7y.(p1 = —1,p; = wy) < = — 1 and thus
Pr(wy = —1|p1 = —1,py = wy) > 7. It follows that the Voter does not hold a referendum
upon observing (p; = —1,ps = wsy). Suppose first that 7;.(p1 = —1,p2 = we) < 1 —n1.(p1 =
Lps = wy). Then, u(pr = —1L,ps = wy) > 7, and p(pr = w1 = —L,ps = wy) > 7

and thus Uy_, (p1 = —1,p2 = wo) = B > (1 —q)(B+1) > Un_,.(;1 = 1,p2 = wo)
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because ¢; > But then, n_;.(p1 = 1,p» = wy) = 0, contradiction. So suppose that

1
Bl
M(pr = —1,p2 = wy) = 1 —n1.(p1 = 1,p2 = wy) which implies 71 .(p1 = —1,p2 = wy) > 0.

It follows that IV;. mixes between (p; = 1,ps = wy) and (p; = —1, p2 = wy) which requires

Uni.(pr=—Lpp=wy) = (1 —q)1+7"(p1 = —1,p2 = w2)B)
=(1—=q)r*(pr=1,p2=ws)B+qB

= UNL.(IH =1,p2 = w2)-

As ¢ > BLH, @B > 1 — ¢, and thus we have 7*(p; = —1,ps = wy) > 7*(p1 = 1,ps = wo).

But then,
Uv,,.(mm=-Lpp=w)=(1—-q)r"(pp=—-1L,pp=w2)B+qB
> (1 —=q)(I+7"(p1=1,p2 = w2)B)
=Un_,.(p1 = 1,p2 = wy)
and thus 7_1.(p1 = 1, p2 = wq) = 0. Contradiction. O

Lemma 16. If ¢y > max{3 — 2B, BLH} and Ny . plays (p1 = wy, pa = wa) deterministically,

then so does N_; ..

Proof. Assume otherwise, i.e. assume 7;.(p1 = 1,ps = wy) = 1 and n_1.(p1 = —1,p2 =
wy) < 1. Then, u(p; = —1,ps = wy) > 7 and p(p; = wy = —1,p2 = wy) > 7 and thus
™(pr = —L,py = wp) = L and 7*(p1 = wy = —1,p2 = wp) = 1. But then, Uy_, (p1 =
—1,pp=wy)=B>((1—-q)(B+1)>Uy_, (p1 =1,p» =ws) because ¢q; > BLH. Moreover,

as . (p1 = 1,p2 = wa) = 1, if n_1.(p2 # wa) > 0, the Voter infers that w; = —1 from py # woy
and sets p; = —1 via referendum whenever needed. Hence, Uy_, (p2 # ws) = 1 < B and

,

N_;. wants to deviate to (p1 = —1,ps = wo). O

Lemma 17. If B > 1 and ¢, € (23372,3 — ZB), there does not exist an equilibrium s.t.

non-congruent types never choose py # ws.
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Proof. Assume otherwise, i.e. assume there exists an equilibrium s.t. non-congruent types

choose py = wy deterministically. Case 1: 3 — 2B > ¢ > BLH > 2B=2 Then, the highest

possible payoff that non-congruent incumbents can achieve when choosing py = wy is B.
In order for non-congruent types not to want to deviate to (p; = 1,ps # ws) we need
B>21+(1-q)Ra=Ux,.(pp=1Lp#Fw)and B>1+(1-q)(1-R4)=Un, (1=

1, pa # we), which implies that R_; < {3—__; and R_{ > 1— %. But % >1-— % implies

¢ >3 —2B.

Case 2: ¢ € (M 1 ) Note first that if ¢; <

B Bl the maximal payoft that V; .

1
B+1?

can achieve, in an equilibrium where non-congruent incumbents never choose ps # ws, is

B. To see this, assume there exists an equilibrium such that U, Nl’,(pl = —1,py = wy) > B.
As non-congruent types never choose py # wo, we have 1,.(p1 = —1,ps = wy) = 1 which
implies that p(py = —1,p2 = wy) < 7 and thus r*(p; = —1,ps = we) = 0. But then,

Un,.(p1=—1,p2 =wz) = 1—q1 <1< Uy, (p2 # w2). Contradiction. So assume there exists
an equilibrium such that non-congruent Incumbents never choose ps # wy. As the highest
payoff that IV; . can achieve is B and the highest payoff that N_; . can achieve is (1—¢; )(B+1),
in equilibrium, it has to be the case that B > 14 (1 —¢q1)(1 — R1) = Un, .(p1 = —1,p2 # w2)
and (1 —q¢)(B+1) > 14+ (1 —q)R = Uy, (p1 = —1,p2 # wz). This implies that

Ry 21— % and By < B+1— ﬁ which is impossible as ¢ > 252 O

Lemma 18. Suppose B > 1. Then, there does not exist an equilibrium such that Ny. (or

N_;.) chooses (p1 = 1,p2 # wa) (or (p1 = —1,p2 # we)) yet N_y. (N1.) does not.

Proof. WLOG, assume there exists an equilibrium such that N;. chooses (p; = 1, p2 # wo)
with positive probability yet N_; . does not. Then, Pr(w; = 1|p; = 1,ps # wa) = 1 and the
Voter does not hold a referendum upon observing (p; = 1, p2 # wy). Hence, Uy, .(p1 = 1,p2 #
wy) = 1. Moreover, as N;. does not play ps = wy deterministically, we have u(p; = 1,py =
wp) > or u(pr = —1,p2 = wp) > . In the first case, Uy, (p1 = 1,p2 = wp) = B > 1 and

N, wants to deviate from (p; = 1, ps # wy). In the second case, we have n_y .(p1 = —1,p2 =
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wp) < 1 and thus p(p; = w; = —1,py = wy) > 7. Hence, Uy_, (p1 = —1,p2 = wp) = B. If
¢1 > g, then B> (1 —q)(B + 1) and thus 71 .(p1 = 1,p2 = wy) = 0. But then p(p; =
1,ps = we) > m and N;. deviates to (p1 = 1,p2 = wy). Moreover, pu(pr = —1,ps = wq) > 7
implies 71.(p1 = —1,ps = wq) < é— 1 and thus Pr(w; = —1|p1 = —1,p2 = wy) > 1/2.

Hence, if ¢; < then Uy, (p1 = —1,p2 =wz) = (1 = q)(B+1) > B > 1. But then, N

_1
B+l
deviates to (p1 = —1,py = wo). O

Lemma 19. There does not exist an equilibrium such that N chooses (p1 # wi,p2 # ws)

determanistically.

Proof. Assume otherwise. The Voter then infers upon observing (p;, p2 # ws) that p; # wy
and therefore holds a referendum to overturn the policy decision p; made by the Incumbent.
Consequently, the utility to N of choosing (p; # wi,ps # we) is 1. Deviating to (p; =

Wi, P2 # we) in turn yields 1+ (1 —¢;) > 1. H

Lemma 20. If B < 1 and ¢; < f]f—z’é there is no equilibrium in which N chooses py # wo

deterministically.

Proof. Suppose N chooses py # wy deterministically. Then, the Voter reelects upon observing
(p1 = w1, p2 = wy), (p1 = 1,p2 = we), and (p; = —1,ps = wy). Moreover, by lemmata and
[9 the Voter does not hold a referendum upon observing p, = ws. Consequently, choosing
(p1 # w1, p2 = wy) yields a policy payoff of (1 —¢1)(1+ B) to the non-congruent Incumbent.
WLOG suppose that N;. and N_;. choose (p; = 1,ps # we) with positive probability in

equilibrium. For this to be a best-response, it must be the case that

Uvo(m=1p#w)=1+10-q)1l-R4)>(1-q)1+B), and

Uv,.(pp=1pp#w)=1+1-q)R 1> (1-q)1+B),

2B—1 N

which is impossible because ¢ < $755.
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Lemma 21. The pair of strategies and beliefs characterized in proposition[A.3 are the only

equilibria to satisfy criterion D1.

Proof. Assume there exists an equilibrium in which p, = wy is not played with positive
probability for some wy € {—1,1}. Fix a vector of reelection probabilities r and probability
R that the Voter holds a referendum to change p; when w; is not revealed to her, then
Uc(pr = ,p2 = we,r, R) > Un(p1 = +,p2 = we,r, R). Moreover, for any policy vector p
such that ps # ws and any vector of equilibrium reelection and referendum probabilities
(r*, R*) we have Ug(p,r*, R*) < Un(p,r*, R*). In other words, in any equilibrium in which
P2 = wo is not played with positive probability the equilibrium payoff of any non-congruent
type is at least as high as the equilibrium payoff of any congruent type. It follows that
DY(N,T,p1,ps = wy) C D(C,T,p1,p» = wo) and the Voter should believe she is facing a
congruent Incumbent upon observing p, = ws. But then, if ¢g; > 0 the congruent Incumbent
wants to deviate to po = wo as he then receives a payoff of at least ¢; + 1+ B which is greater
then 1 + B, the highest payoff the congruent type can get in any equilibrium in which he
does not play ps = ws. Hence, to satisfy D1 it must be the case that C' chooses py = wy for

all ws in equilibrium. O

Proposition A.3. The following pairs of strategies and beliefs constitute the equilibrium of

the direct democracy model when g1 =1 and ¢, € [0, 1].

1. If B < 1 then congruent Incumbents choose (p1 = wi,p2 = ws) for all w, while non-

congruent Incumbents choose (p1 = wy, pa # wo) for all w.
The Voter holds a referendum to set p; = wy when p; # wy.

The Voter reelects upon observing (p; = wi,p2 = ws), or (p1 = wy,p2 = 1) and does

not reelect otherwise.

The Voter’s beliefs satisfy p(p1 = wi,p2 = wa) = 1, p(pr = wi,p2 = 1) > 7, p(p1 =

wi,pe = —1) < m, pu(pr = wi,p2 # wa) = 0. Out-of-equilibrium beliefs satisfy u(py #
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Wy, pe =-) <.

2. If B> 1 and qo > 1/B then congruent and non-congruent Incumbents choose (p; =

Wy, P2 = wy) for all w.
The Voter holds a referendum to set p1 = wy when p; # w.

The Voter reelects upon observing (p1 = wi,ps = wa), (p1 = wi,pe = 1), and (p1 =

w1, pe = —1), and does not reelect otherwise.

The Voter’s belicfs satisfy (pr = wi, ps = ws) = u(py = 1, ps = ws) = p(pr = —1,py =

wo) = . Out-of-equilibrium beliefs satisfy p(p1 = wi, P2 # wa), W(p1 # wi,p2 = ) < 7.
3. If B> 1 and g3 < 1/B, then congruent Incumbents choose (p; = wy, ps = ws),

The non-congruent Incumbent who observes wy = —1 chooses (p1 = wy, pa = 1);

The non-congruent Incumbent who observes we = 1 chooses (p1 = wi,ps = ws) with

probability 2 — i and (p1 = w1, p2 # wa) with probability é - L

The Voter holds a referendum to set p1 = wy if p1 # wi.

The Voter’s reelection strategy satisfies: r*(p1 = wi,pa = wa) = 1, r*(p1 = wy,pa =

1) = (17;2)3 - 1322 +T*(p1 = W1,P2 = _].) and T'*(pl 7é W1,pP2 = ) = T*(pl = - P2 7é

U.)Q) =0.
The Voter’s beliefs satisfy pu(p1 = 1,ps = wa) = p(p1 = —1,p2 = wo) = 7, p(pr =
wi = 1,py =wy) >, pu(pr = wi = —1,ps = wy) =1, p(p1 # wi,p2 = wz) = 0.

Out-of-equilibrium beliefs satisfy pu(-, ps # wy) < .

Proof. 1. Assume B < 1. Given the specified strategy for the Incumbent, Bayesian

T

updating yields pu(py = wi,p2 = wa) = 1, p(p1 = wi,po = 1) = arti-o)i=m — T
because a > 1/2, u(p1 = wy,ps = —1) = % < 7, because a > 1/2, and
w(pr = wi,pa # wy) = 0. Hence, if we let out-of-equilibrium beliefs satisfy p(py #

wy, p2 = ) < m the Voter has no incentive to deviate from his reelection strategy.

30



Given the retention behavior of the Voter, and because B < 1, we have

UC<,71(p1 = w1, P2 = wa) =2+ @B

(

1+ (1—¢)B
>
2 )
UC<,—1(p1 = Wi, P2 # Wa)
>
Uc (p1 #wi,p2=")

Unv, . (pr=wi,pp #ws) =1+ (1—q)B

(

@B
>
1 ;
)
Un._,(p1 = w1, p2 = ws)
>
UN.,_l(pl # W1, p2 =)
\

and

Un,(p1=wi,p2 # w2) =1

;

B
>
1
)
Un.,(p1 = w1, p2 = wo)
>
UN.,l(pl # Wi, P2 =)
\

Finally, we have Ug , (p1 = wi,p2 = w2) = 2 + B which is the highest possible payoff
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in the game and thus C.; has no incentive to deviate.

. Assume B > 1 and ¢ > 1/B. Given the specified strategy for the Incumbent, Bayesian
updating yields pu(p1 = wi,py = wp) = p(pr = wi,p2 = 1) = p(pr = w1, p2 = —1) = 7.
Hence, if we let out-of-equilibrium beliefs satisfy u(p; # wi,p2 = -), u(p1 = wi,p2 #
we) < 7 the Voter has no incentive to deviate from his reelection strategy. Given the
retention behavior of the Voter, we have Ugc(py = wi,ps = we) = 2 + B which is the
highest possible payoff in the game and thus C has no incentive to deviate. Similarly,
we have Uy (p; = wi,ps = wy) = B, while Un(p1 = w1, pa # wy) = 1+ (1 — ¢2) B, and

Un(p1 # wi,p2 =) < 1. Because, B > 1 and ¢2 > 1/B, N has no incentive to deviate.

. Assume B > 1 and ¢ < 1/B. Given the specified strategy for the Incumbent, Bayesian

updating yields u(p; = wi,ps = wy = 1) = > 7 because a > 1/2,

7r+a(2—17r/a)(1—7r)

QT

ppr = wipr = wp = 1) =1, u(pr = wipe = 1) = oopamaeyayi = ™

ppr = wi,p2 = —1) = (1_a)ﬂ+(;(_172¥7r_1)(1_ﬂ) =7, p(p1 = w1, p2 # wa) = 0. Hence, if we
let out-of-equilibrium beliefs satisfy u(p; # wi,p2 = ) < 7 the Voter has no incentive

to deviate from his reelection strategy.

Given the retention behavior of the Voter, we have Uy ,(p1 = wi,p» = 1) = (1 —
@2)r*(p1 = wi,p2 = 1)B+@Band Uy, (p1 = wi,p2 = —1) = 14+ (1—q2)r"(p1 = w1, p2 =
—1)B. In equilibrium, N.; is mixing between (p; = wy,p2 = 1) and (p1 = wy,p2 = —1)

and hence is indifferent between these two policy vectors. Indifference is satisfied if,

and only if, 7*(p; = wy,p2 = 1) = m - -+ r*(p1 = wi,pa = —1). Because
g2 < %, this implies 1 > r*(p; = wy,ps = 1) > r*(p1 = w1, p2 = —1). Moreover, we
have Uy, (p1 # wi,p2 = ) S 1< 1+ (1 —q)r'(p = wi,pe = —1)B = Uy ,(p1 =

wy,pe = —1). Hence, N.; has no incentive to deviate.

To see that N. _; has no incentive to deviate, note that, because r*(p; = wy,p2 = 1) >

r*(p1 = wi,pa = —1) > 0 and because ¢, < %, we have Uy, _ (p1 = wi,p2 = 1) =

I+(1=qg)r*(pr=w,p=1)B>1>Un_,(p1 #wi,p2 =) and Uy, _,(p1 = w1, p2 =
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>0 =g)r'(p=wi,pp=—-1)B+@B=Ux_,(p1 =wi,p2 = —1).

Moreover, we have Uc._, (p1 = wi, p2 = —1) = 24+¢a B+(1—go)r*(p1 = wi,ps = —1)B >
I+ (1 —=gq)r*(pr=wi,p2=1)B=Uc_,(pr =wi,p2 =1) and Uc ,(p1 = w1, p2 = 1) =
24+ (1—=q2)r*(p1 = w1, p2 = 1) B+ @B > 14+(1—q)r* (p1 = w1, p2 = —1)B =Uc._,(p1 =

wi,pp = —1) because 1*(p1 = wi,p2 = 1) = g5 — 1%, T (01 = wi,p2 = 1)

Because deviating to py # ws yields at most a payoff of 1 < 2, congruent Incumbents

have no incentive to deviate.

Appendix B - Strong office-holding motive B > 2

Appendix A provides the equilibrium of the baseline model as well as the equilibria of the
direct democracy game for all values of holding office B. In this section I draw out the
implications of a strong office-holding motive, i.e. when B > 2. Figure [l illustrates the
equilibrium of the baseline model in this case. As before, the equilibrium depends on the

probability of feedback ¢; and the value of holding office B.
Proposition A.4. Assume the value of holding office is high (B > 2). In equilibrium:
1. if the probability of feedback is high (¢ > %), non-congruent incumbents choose the
same policies as congruent ones (p; = wy, P2 = wa),

2. if the probability of feedback is low (q; < %), non-congruent Incumbents choose py = wy

with non-degenerate probability and ps = wo with certainty.
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Figure 1: Equilibrium Behavior of non-congruent Incumbent in Baseline Model

P1 # W1, P2 # w2 P1 = w1, P2 = w2

Probability of feedback q1
W=

pP1 = w1 with non-degenerate probability
P2 = w2

P2 = w2 with non-degenerate probability
p1 # w1

Value of holding office B

Proposition A.5. 1. Increasing the value of holding office from B < 2 to B > 2 has
a similar effect on the decision making of public officials as the introduction of the

popular referendum.

1. When B > 2 and q, € (BLH, %), the introduction of the popular referendum strictly

improves congruence with respect to py.

Interestingly, increasing the value of holding office has a similar effect as the introduction
of the popular referendum. First of all, the congruence with respect to policies p; and p,
in the baseline model improves when B > 2 compared to a situation in which B < 2.
Similarly, the control the Voter exerts over elected representatives increases with the level of
information available to the Voter when B > 2. This is interesting in so far as it clarifies the
mechanism through which the introduction of the referendum affects the decision-making of
public officials. Indeed, by constraining the policy options of the Incumbent, the popular

referendum essentially increases the value of retaining office, if only in relative terms.
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Remark also that the introduction of the popular referendum still improves congru-
ence even when Incumbents have a strong office-holding motive. In particular, when ¢; €
[BLH, %}, non-congruent Incumbents always choose p; = w; once the possibility of a pop-
ular referendum exists, whereas they choose p; = w; with non-degenerate probability in
the absence of direct democracy. This stems from the fact that the costs a non-congruent
Incumbent incurs when p; # w; is revealed to the Voter increase with the introduction of
direct democracy, because the Voter now holds a referendum to set p; = w;. As a result
the Incumbent then not only loses reelection but also the policy benefit associated with
p1 # wi. The probability of feedback above which the non-congruent Incumbent prefers to
play p; = w; with certainty is thus lower under direct democracy than under representative

democracy.

Appendix C - Semi-congruent Types

In the model, an Incumbent is either congruent or non-congruent. Note, however, that
in principle an Incumbent may be congruent with respect to some policy dimensions and
not others. In this section, I provide an argument for why including semi-congruent types
does not alter the logic of the model. Assume that m now represents the probability that
the incumbent is congruent with respect to policy dimension p;. In such a setting, the
incumbent is congruent with respect to both policies with probability 72, congruent with
respect to policy p; but not congruent with respect to policy p with probability = (1 — 7)

and so forth. Suppose we make the following assumption.®

Assumption A.6. If the Voter observes a policy vector which is never chosen by a congruent

Incumbent in equilibrium, she does not reelect.

'Note that this assumption can be easily made a proposition in a generalized version of the model with
a second policy-making period after the election.
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An implication of this assumption is that a non-congruent Incumbent, in order to get
reelected, needs to enact a policy vector that is also enacted by a congruent type, even when
semi-congruent types exist. In particular, this implies that a non-congruent Incumbent needs
to choose ps = wy in order to get reelected. Similarly, when the probability of feedback ¢, is
sufficiently high the non-congruent Incumbent essentially needs to choose p; = w; in order
to get reelected with a substantial probability. Correspondingly, the incentives for non-
congruent types to separate in the baseline model and to pool in the model with the popular

referendum remain similar.
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