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A Appendix: proofs

A.1 Theorem 1

Q1. This is straightforward since ∀zs ∈ Rd :

θ (zs) = Pr (ys j = 1
∣∣zs) =

∫
Z

p(z j)r (zs,z j)dz j. (A 1)

Q2.

G(x) =
n−1

∑
k=0

xk pk =
n−1

∑
k=0

xkPr (Ds = k)

=
n−1

∑
k=0

xk
∫

Z
· · ·
∫

Z
p(z1) · · · p(zn)Pr (Ds = k|M )dz1 · · ·dzn

=
∫

Z
· · ·
∫

Z

[
n

∏
j=1

p(z j)

]
E
[
xDs
∣∣M ]

dz1 · · ·dzn

=
∫

Z
· · ·
∫

Z

[
n

∏
j=1

p(z j)

]{
n

∏
j=1

E
[
xYs j
∣∣M ]}

dz1 · · ·dzn

=
∫

Z
· · ·
∫

Z

{
n

∏
j=1

p(z j) [xr (zs,z j)+1− r (zs,z j)]

}
dz1 · · ·dzn

=
∫

Z
p(zs)

{∫
Z

p(z j) [xr (zs,z j)+1− r (zs,z j)]dz j

}n−1

dzs

=
∫

Z
p(zs)

{
x
∫

Z
p(z j)r (zs,z j)dz j +1−

∫
Z

p(z j)r (zs,z j)dz j

}n−1

dzs

=
∫

Z
p(zs) [xθ(zs)+1−θ(zs)]

n−1 dzs.

(A 2)
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Q3. The r-th factorial moment of Ds corresponds to the r-th derivative of G evaluated in
1:

∂ rG
∂xr (x) =

∫
Z

p(zs)
∂ r

∂xr [xθ(zs)+1−θ(zs)]
n−1 dzs

=
∫

Z
p(zs)(n−1) · · ·(n− r)θ (zs)

r [xθ(zs)+1−θ(zs)]
n−r−1 dzs

=
(n−1)!

(n− r−1)!

∫
Z

p(zs)θ (zs)
r [xθ(zs)+1−θ(zs)]

n−r−1 dzs;

(A 3)

and the final formula evaluated in x = 1 gives (11).

Q4. The average degree is the first factorial moment, thus:

k̄ = G′(1) =
(n−1)!
(n−2)!

∫
Z

p(zs)θ (zs)dzs = (n−1)
∫

Z
p(zs)θ (zs)dzs. (A 4)

Q5. The distribution of the degree of a random node can be recovered by differentiating
G as well. Indeed, using (A 3), for every k:

pk =
1
k!

∂ rG
∂xr (0) =

(
n−1

k

)∫
Z

p(zs)θ (zs) [1−θ (zs)]
n−k−1 dzs. (A 5)

Q6. Define the PGF for the degree of a random node once its latent information is fixed to
zs:

G̃(x;zs) =
n−1

∑
k=0

xkPr (Ds = k|zs)

=
∫

Z
· · ·
∫

Z

 n

∏
j=1
j 6=s

p(z j)

E[xDs
∣∣M ]

dz−s

=

{∫
Z

p(z j) [xr (zs,z j)+1− r (zs,z j)]dz j

}n−1

= {xθ (zs)+1−θ (zs)}n−1 ;

(A 6)

which is simply the PGF of a binomial random variable with parameters n−1 and θ (zs).
Hence its average degree is k̄ (zs) = (n−1)θ (zs). Note that dz−s = ∏ j 6=s dz j.

Q7. We now write down the PGF for the degree of a random neighbour of a node located
in zs.

H (x;zs) =
n−1

∑
k=0

xkPr (D j = k
∣∣ys j = 1,zs)

=
∫

Z
p(z j

∣∣ys j = 1,zs)
n−1

∑
k=0

xkPr (D j = k
∣∣ys j = 1,zs,z j)dz j

=
∫

Z
p(z j

∣∣ys j = 1,zs)E
[
xD j
∣∣ys j = 1,zs,z j

]
dz j.

(A 7)
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Note that E
[
xD j
∣∣ys j = 1,zs,z j

]
corresponds to the PGF for the so called excess degree

(Newman et al. 2001), i.e. the degree of a node at one extreme of an edge picked at random.

Hence, such PGF is equal to xG̃′(x;z j)

G̃(1;z j)
, where G̃ has been defined in (A 6). Then:

H (x;zs) =
∫

Z
p(z j

∣∣ys j = 1,zs)
xG̃′(x;z j)

G̃(1;z j)
dz j

=
∫

Z

Pr (ys j = 1
∣∣z j,zs) p(z j)

Pr (ys j = 1
∣∣zs)

{
x [xθ (z j +1−θ (z j))]

n−2
}

dz j

=
1

θ (zs)

∫
Z

p(z j)r (z j,zs)
{

x [xθ (z j +1−θ (z j))]
n−2
}

dz j.

(A 8)

Its average degree is then given by:

k̄nn (zs) = H ′ (1;zs) =
1

θ (zs)

∫
Z

p(z j)r (z j,zs)
{

1+(n−2)θ (z j)
}

dz j

= 1+
(n−2)
θ (zs)

∫
Z

p(z j)r (z j,zs)θ (z j)dz j.

(A 9)

Q8. The PGF for the degree of a neighbour of a node with degree k is given by:

H̃ (x;k) =
n−1

∑
r=0

xrPr (D j = r
∣∣Ds = k,ys j = 1)

=
n−1

∑
r=0

xr
∫

Z
p(zs|Ds = k)Pr (D j = r

∣∣zs,ys j = 1)dzs

=
1
pk

∫
Z

p(zs)Pr (Ds = k|zs)H (x;zs)dzs

=
1
pk

∫
Z

p(zs)

[
∂ k

∂xk G̃(0;zs)

]
H (x;zs)dzs

=
1
pk

∫
Z

p(zs)

(
n−1

k

)
θ(zs)

k [1−θ(zs)]
n−k−1 H (x;zs)dzs;

(A 10)

and its first derivative evaluated in x = 1 yields:

k̄nn(k) =
1
pk

∫
Z

p(zs)

(
n−1

k

)
θ(zs)

k [1−θ(zs)]
n−k−1 k̄nn(zs)dzs. (A 11)

A.1.1 Proof for Corollary 1

Recall that a convolution of two Gaussian densities is still a Gaussian density:∫
Rd

fd (zi; µµµ1,γ1) fd (z j− zi; µµµ2,γ2)dzi = fd (z j; µµµ1 +µµµ2,γ1 + γ2) , (A 12)

for every zi,z j,µµµ1,µµµ2 in Rd and every positive real numbers γ1 and γ2.
That being said:
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Q1.

θ(zs) =
∫
Rd

fd (z j;0,γ)τ (2πϕ)
d
2 fd (zs− z j;0,ϕ)dz j

= τ (2πϕ)
d
2 fd (zs;0,γ +ϕ)

= τ

(
ϕ

γ +ϕ

) d
2

exp
{
− 1

2(γ +ϕ)
zt

szs

}
.

(A 13)

Q3.

∂ rG
∂xr (1) =

(n−1)!
(n− r−1)!

∫
Rd

fd (zs;0,γ)θ(zs)
rdzs

=
(n−1)!

(n− r−1)!
τ

r
(

ϕ

γ +ϕ

) rd
2 ∫

Rd
fd (zs;0,γ)exp

{
− r

2(γ +ϕ)
zt

szs

}
dzs

=
(n−1)!

(n− r−1)!
τ

r
(

ϕ

γ +ϕ

) rd
2
{

2π
(γ +ϕ)

r

} d
2
×

×
∫
Rd

fd (zs;0,γ) fd

(
zs;0,

γ +ϕ

r

)
dzs

=
(n−1)!

(n− r−1)!
τ

r
(

ϕ

γ +ϕ

) rd
2
{

2π
(γ +ϕ)

r

} d
2
{

2π
[(r+1)γ +ϕ]

r

}− d
2

=
(n−1)!

(n− r−1)!
τ

r

{
ϕr

(γ +ϕ)r−1 [(r+1)γ +ϕ]

} d
2

(A 14)

Q4.

k̄ = G′(1) = (n−1)τ
{

ϕ

2γ +ϕ

} d
2

(A 15)
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Q7.

k̄nn(zs) = 1+
(n−2)
θ (zs)

∫
Rd

p(z j)r (zs,z j)θ (z j)dz j

= 1+
(n−2)
θ (zs)

τ
2 (2πϕ)d×

×
∫
Rd

fd (z j;0,γ) fd (z j;0,γ +ϕ) fd (zs− z j;0,ϕ)dz j

= 1+
(n−2)
θ (zs)

τ
2 (2πϕ)d {2π (2γ +ϕ)}−

d
2 ×

×
∫
Rd

fd

(
z j;0,

γ (γ +ϕ)

2γ +ϕ

)
fd (zs− z j;0,ϕ)dz j

= 1+(n−2)τ
(

ϕ

2γ +ϕ

) d
2 fd

(
zs;0,ϕ + γ(γ+ϕ)

2γ+ϕ

)
fd (zs;0,γ +ϕ)

= 1+ k̄
(

n−2
n−1

) fd

(
zs;0, γ2+3γϕ+ϕ2

2γ+ϕ

)
fd (zs;0,γ +ϕ)

.

(A 16)

A.1.2 Proof for Corollary 2

Q1.

θ(zs) =
∫
Rd

G

∑
g=1

πg fd
(
z j; µµµg,γg

)
τ (2πϕ)

d
2 fd (zs− z j;0,ϕ)dz j

= τ (2πϕ)
d
2

G

∑
g=1

πg

∫
Rd

fd
(
z j; µµµg,γg

)
fd (zs− z j;0,ϕ)dz j

= τ (2πϕ)
d
2

G

∑
g=1

πg fd
(
zs; µµµg,γg +ϕ

)
.

(A 17)

Q4.

k̄ = (n−1)
∫
Rd

G

∑
g=1

πg fd
(
zs; µµµg,γg

)
τ (2πϕ)

d
2

G

∑
h=1

πh fd (zs; µµµh,γh +ϕ)dzs

= (n−1)τ (2πϕ)
d
2

G

∑
g=1

G

∑
h=1

πgπh

∫
Rd

fd
(
zs; µµµg,γg

)
fd (zs; µµµh,γh +ϕ)dzs

= (n−1)τ (2πϕ)
d
2

G

∑
g=1

G

∑
h=1

πgπh fd
(
µµµg−µµµh;0,γg + γh +ϕ

)
.

(A 18)

While Q7 is straightforward from (13).

A.2 Proof of Proposition 2

First, we recall a few properties of the Gaussian distribution through a Lemma:

Lemma A.1
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Let fd (·; µµµ,γ) denote the d-dimensional Gaussian density centred in µµµ , with covariance
matrix γId . Let also x,u,v ∈ Rd and a,b,α ∈ R+. Then:

fd (x;u,a) fd (x;v,b) = fd (u−v;0,a+b) fd

(
x;

bu+av
a+b

,
ab

a+b

)
; (A 19)

fd (αx;u,a) = α
−d fd

(
x;

u
α
,

a
α2

)
. (A 20)

Here follows the proof of Proposition 2 by mathematical induction on k. If k = 1, then:

ξ1(zi,z j) = h1 fd (z j−α1zi;0,ω1) = τ (2πϕ)
d
2 fd (z j− zi;0,ϕ) = r (zi,z j) . (A 21)

Now assume that ξk(zi,z j) = hk fd (z j−αkzi;0,ωk), then we need to prove that

ξk+1(zi,z j) = hk+1 fd (z j−αk+1zi;0,ωk+1) ,

where hk+1,αk+1,ωk+1 are defined recursively by (27).

ξk+1(zi,z j) =
∫

Z
· · ·
∫

Z
p(z1) . . . p(zk)r (zi,z1) · · ·r (zk,z j)dz1 · · ·dzk

=
∫

Z
p(zk)r (zk,z j)

∫
Z
· · ·
∫

Z
p(z1) . . . p(zk−1)×

× r (zi,z1) · · ·r (zk−1,zk)dz1 · · ·dzk

=
∫

Z
p(zk)r (zk,z j) Ik (zi,zk)dzk

=
∫

Z
p(x)r (x,z j) Ik (zi,x)dx.

(A 22)

Now, we introduce the Gaussian LPM assumptions and use the results of the Lemma A.1:

ξk+1(zi,z j) = τ (2πϕ)
d
2 hk

∫
Rd

fd (x;0,γ) fd (x− z j;0,ϕ) fd (x−αkzi;0,ωk)dx

= τ (2πϕ)
d
2 hk×

×
∫
Rd

fd (x− z j;0,ϕ) fd (−αkzi;0,ωk + γ) fd

(
x;

γαkzi

ωk + γ
,

ωkγ

ωk + γ

)
dx

= τ (2πϕ)
d
2 hkα

−d fd

(
zi;0,

ωk + γ

α2
k

)
×

×
∫
Rd

fd (x− z j;0,ϕ) fd

(
x;

γαkzi

ωk + γ
,

ωkγ

ωk + γ

)
dx

= hk+1 fd

(
z j;

γαkzi

ωk + γ
,

ωkγ +ωkϕ +ϕγ

ωk + γ

)
= hk+1 fd (z j−αk+1zi;0.ωk+1) .

(A 23)

A.3 Proof of Corollary 3

Let G be the PGF of the random variable D, denoting the degree of a node picked at
random. Then the r-th derivative of G evaluated in 1 is equal to the r-th factorial moment
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of D, denoted here cr:

cr =
∂ rG
∂xr (1) = E [D(D−1) · · ·(D− r+1)] . (A 24)

In particular:

c1 = E [D] = m1 (A 25)

c2 = E [D(D−1)] = E
[
D2]−E [D] = m2−m1 (A 26)

=⇒ m2 = c1 + c2, (A 27)

where m1 and m2 denote the first two non-central moments of D. That being said, using
Corollary 1 the dispersion index can be evaluated exactly:

D =
E
[
(D−m1)

2
]

m1
=

m2−m2
1

m1
=

m2

m1
−m1 = 1+

c2

c1
− c1

= 1+
(n−1)(n−2)τ2

{
ϕ2

(γ+ϕ)(3γ+ϕ)

} d
2

(n−1)τ

{
ϕ

2γ+ϕ

} d
2

− (n−1)τ

{
ϕ

2γ +ϕ

} d
2

= 1+(n−2)τ

{
ϕ (2γ +ϕ)

(γ +ϕ)(3γ +ϕ)

} d
2
− (n−1)τ

{
ϕ

2γ +ϕ

} d
2
,

(A 28)

which proves the corollary. Also, when d = 2, the threshold between underdispersion and
overdispersion is given by:

(n−2)(2γ +ϕ)

(γ +ϕ)(3γ +ϕ)
− (n−1)

(2γ +ϕ)
= 0. (A 29)

Now, recalling that ϕ > 0 and γ > 0, this is equivalent to:

(n−2)(2γ +ϕ)2− (n−1)(γ +ϕ)(3γ +ϕ) = 0

⇒ϕ
2 +4γϕ +5γ

2−nγ
2 = 0

⇒ϕ = γ

(
−2±

√
n−1

)
.

(A 30)

One solution is negative thus not feasible, then the threshold is given by:

ϕ = γ

(√
n−1−2

)
.
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A.4 Proof of Proposition 1

We now show how to obtain the exact formula (25) under the Gaussian LPM. We solve the
numerator CN and the denominator CD independently.

CD =
∫
Rd

∫
Rd

∫
Rd

p(zi)p(zk)p(z j)r (zi,zk)r (zk,z j)dzkdzidz j

=
∫
Rd

p(zk)

{∫
Rd

p(zi)r (zi,zk)dzi

}{∫
Rd

p(z j)r (zk,z j)dz j

}
dzk

=
∫
Rd

p(zk)θ (zk)
2 dzk

=
G′′(1)

(n−1)(n−2)

= τ
2
{

ϕ2

(γ +ϕ)(3γ +ϕ)

} d
2

(A 31)

Now we solve the numerator.

CN =
∫
Rd

∫
Rd

∫
Rd

p(zi)p(zk)p(z j)r (zi,zk)r (zk,z j)r (z j,zi)dzidzkdz j

=
∫
Rd

p(zi)
∫
Rd

p(z j)r (z j,zi)

{∫
Rd

p(zk)r (zi,zk)r (zk,z j)dzk

}
dz jdzi

=
∫
Rd

p(zi)
∫
Rd

p(z j)r (z j,zi)ξ2 (zi,z j)dz jdzi

=
∫
Rd

p(zi)ξ3(zi,zi)dzi

(A 32)

where ξk(zi,z j) is defined in (26) for every k ∈ N0, zi ∈ Rd and z j ∈ Rd .
For more clarity, we define the recurring quantity

λ = ϕ
2 +3γϕ + γ

2. (A 33)

We first discover the quantities needed to write ξ3(zi,zi) explicitly:
α1 = 1

ω1 = ϕ

h1 = τ (2πϕ)
d
2

;


α2 = γ

γ+ϕ

ω2 = ϕ(2γ+ϕ)
γ+ϕ

h2 = τ2 (2πϕ)d fd (zi;0,γ +ϕ)

; (A 34)

α3 =
α2γ

ω2 + γ
=

γ2

λ
; (A 35)

ω3 =
ω2ϕ +ω2γ + γϕ

ω2 + γ
=

ϕ (γ +ϕ)(3γ +ϕ)

λ
; (A 36)

h3 = τ
3 (2πϕ)

3
2 d fd (zi;0,γ +ϕ)

(
γ +ϕ

γ

)d

fd

(
zi;0,

λ (γ +ϕ)

γ2

)
. (A 37)
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Now, for h3, we use Lemma A.1 and join the two Gaussian densities:

h3 = τ
3 (2πϕ)

3
2 d
(

γ +ϕ

γ

)d
{

2π
(γ +ϕ)2 (2γ +ϕ)

γ2

}− d
2

fd

(
zi;0,

λ

2γ +ϕ

)

= τ
3 (2πϕ)d

{
ϕ

2γ +ϕ

} d
2

fd

(
zi;0,

λ

2γ +ϕ

)
.

(A 38)

Also:

(1−α3) =
ϕ (3γ +ϕ)

λ
(A 39)

ω3

(1−α3)
2 =

λ (γ +ϕ)

ϕ (3γ +ϕ)
(A 40)

(A 41)

Then, it follows:

ξ3(zi,zi) = h3 (1−α3)
−d fd

(
zi;0,

ω3

(1−α3)
2

)

= τ
3 (2πϕ)d

{
ϕ

2γ +ϕ

} d
2

fd

(
zi;0,

λ

2γ +ϕ

)
×

×
{

λ

ϕ (3γ +ϕ)

}d

fd

(
zi;0,

λ (γ +ϕ)

ϕ (3γ +ϕ)

)
.

(A 42)

Collapsing again the Gaussian densities:

ξ3(zi,zi) = τ
3
{

2πϕ2

2(3γ +ϕ)

} d
2

fd

(
zi;0,

γ +ϕ

2

)
(A 43)

We can now obtain the final result for the numerator:

CN =
∫
Rd

p(zi)ξ3(zi,zi)dzi

= τ
3
{

2πϕ2

2(3γ +ϕ)

} d
2 ∫

Rd
fd (zi;0,γ) fd

(
zi;0,

γ +ϕ

2

)
dzi

= τ
3

{
ϕ2

(3γ +ϕ)2

} d
2

(A 44)

The final formula for the clustering coefficient follows:

C =
CN

CD
=

τ3
{

ϕ2

(3γ+ϕ)2

} d
2

τ2
{

ϕ2

(γ+ϕ)(3γ+ϕ)

} d
2
= τ

(
γ +ϕ

3γ +ϕ

) d
2
. (A 45)

A.5 Characterisation of the geodesic distances

Fronczak et al. (2004) focused on the family of fitness models for networks, which includes
Erdős-Rényi random graphs and the preferential attachment model of Barabási and Albert
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(1999). These models satisfy assumptions A1 and A2, where the latent information is
coded by a fitness value hi, for every i ∈ V . Then, edge probabilities are given by:

r (hi,h j) =
hih j

β
, (A 46)

where β is a suitable constant. The model includes Erdős-Rényi random graphs as a special
case, for example if hi = k̄ for every i, and β = k̄(n−1).

Here, we exploit the fact that fitness models and LPMs both originate from LVMs,
generalising the work of Fronczak et al. (2004) to a wider family of models. To study the
connectivity of the networks and the path lengths’ distribution, we focus on the quantities
`k (zi,z j), defined as the probability that the shortest path between two nodes located in
zi and z j has length k. We also define rk (zi,z j) as the probability that a path of length
k exists between two nodes. In both definitions, and from now on, we condition on the
fact that the two nodes are connected, i.e. there exists a finite-length path that has the two
nodes as extremes. Such an assumption is natural since usually statistics of path lengths are
defined only for sets of connected nodes. Note that ξk (zi,z j) differs from rk (zi,z j) in that
the latter is the probability that there is at least one k-step path between the two nodes. We
now describe a way to evaluate `k (zi,z j) efficiently, as a function of the model parameters
of a Gaussian LPM.

A5. The graphs considered are dense enough, such that for every (i, j)∈U , if there exists
a path of length k between nodes i and j, then a path of length t exists between the same
nodes for every t = k+1, . . . ,n−1.

Proposition A.1
Under the Gaussian LPM and assumption A5, for any two nodes i and j, the following two
statements are equivalent:

• The geodesic distance between i and j is less than k.
• There exists a k-step path between i and j.

The proof of Proposition A.1 relies heavily on A5 and is straightforward. From Proposition
A.1 it follows that, for any i and j:

rk (zi,z j) =
k

∑
t=1

`t (zi,z j) . (A 47)

Moreover, since `1 (zi,z j) = r1 (zi,z j) = r (zi,z j), the following holds:

`k (zi,z j) = rk (zi,z j)− rk−1 (zi,z j) . (A 48)

Hence, we aim at characterising rk (zi,z j), thereby deducing the properties of `k (zi,z j).
Each possible path of length k from i to j can be thought of as a Bernoulli random

variable, having a success if all the edges involved in the path appear, or not having a
success if any of those edges fail to appear. For an Erdős-Rényi random graph with average
degree k̄ = (n− 1)p, the parameter of such a random variable is pk. For Gaussian LPMs,
the success probability is ξk (zi,z j), which has been characterised in Proposition 2.

However, we are interested in rk (zi,z j), which is the probability of the union of all the k-
steps paths from i to j. Unfortunately, these variables are not independent, since different
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paths will have edges in common. We circumvent this issue by pretending that all such
paths are mutually independent, following the reasoning of Fronczak et al. (2004). This
assumption makes sense when k is much smaller than n. In fact, for the purpose of the
study of shortest path lengths, estimates of rk (zi,z j) will be needed only for small ks,
since in the general case `k (zi,z j) will drop to zero very quickly.

Using the results of Proposition 2 and Lemma 1 of Fronczak et al. (2004), we can
approximate (A 48) by:

`k (zi,z j)≈ exp
{
−nk−1

ξk−1(zi,z j)
}
− exp

{
−nk

ξk(zi,z j)
}
. (A 49)

Equation (32) gives a general formula to evaluate the distribution of the geodesic distance
`k (zi,z j) for every k << n for dense Gaussian LPM networks.

References

Barabási, A. L., and R. Albert. 1999. “Emergence of scaling in random networks”. Science
286 (5439): 509–512.

Fronczak, A., P. Fronczak, and J. A. Hołyst. 2004. “Average path length in random net-
works”. Physical Review E 70 (5): 056110.

Newman, M. E. J., S. H. Strogatz, and D. J. Watts. 2001. “Random graphs with arbitrary
degree distributions and their applications”. Physical Review E 64 (2): 026118.



ZU064-05-FPR LatentPositionModelsSupplementaryMaterial 17 September 2016 11:10


